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Provided is a method and apparatus for lattice reduction with
reduced computational complexity. The apparatus and
method include calculating an R matrix using sorted QR
decomposition, and conducting an R-value test using an
R-value based on diagonal elements of the R matrix and a
threshold value. The R matrix is an upper triangular matrix.
The apparatus and method further execute a loop comprising
a size reduction and a conditional update of a basis vector
corresponding to a column element of the R matrix in
response to the R-value being greater than or equal to the
threshold value. The apparatus and method conduct another
R-value test based on the R matrix comprising the updated
basis vector in response to the basis vector being updated.
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METHOD AND APPARATUS FOR LATTICE
REDUCTION WITH REDUCED
COMPUTATIONAL COMPLEXITY

CROSS-REFERENCE TO RELATED
APPLICATION(S)

[0001] This application claims the benefit under 35 U.S.C.
§119(a) of Korean Patent Application No. 10-2013-0024086,
filed on Mar. 6, 2013, in the Korean Intellectual Property
Office, the entire disclosure of which is incorporated herein
by reference for all purposes.

BACKGROUND

[0002] 1.Field

[0003] The following description relates to a method and
apparatus for lattice reduction with reduced computational
complexity, and more particularly, to a method and apparatus
for lattice reduction with reduced computational complexity,
applicable to various systems.

[0004] 2. Description of Related Art

[0005] A lattice is an array of spaced points repeating peri-
odically, and may be defined as a linear combination of basis
vectors. Lattice reduction aims to find a basis with short,
nearly orthogonal basis vectors. Accordingly, a lattice may be
represented in a simple structure by reducing a length of a
basis vector, and used as a preprocessor in all problems
directed to locating a short vector. For example, lattice reduc-
tion may be used as a preprocessor for quantized precoder
design or maximum likelihood (ML) decoding in a wireless
communication system. Also, lattice reduction may be used
for color space estimation in image signal processing or loca-
tion estimation in global positioning system (GPS) signal
processing.

[0006] Accordingly, when lattice reduction is applied to
various systems represented by a lattice, the systems and
processes may be simplified. As a result, lattice reduction
may reduce complexity when compared to an optimal algo-
rithm, and exhibit improved performance over a low-com-
plexity algorithm. However, usage of lattice reduction as a
preprocessor may lead to a further increase in computational
complexity, and in a worst case scenario, a computational
complexity increment may be infinite in certain applications.
At present, active studies are being conducted on lattice
reduction with reduced computational complexity.

SUMMARY

[0007] This Summary is provided to introduce a selection
of concepts in a simplified form that are further described
below in the Detailed Description. This Summary is not
intended to identify key features or essential features of the
claimed subject matter, nor is it intended to be used as an aid
in determining the scope of the claimed subject matter.

[0008] In accordance with an illustrative configuration,
there is provided a method, including calculating an R matrix
using sorted QR decomposition, wherein the R matrix is an
upper triangular matrix; conducting an R-value test using an
R-value based on diagonal elements of the R matrix and a
threshold value; and executing a loop including a size reduc-
tion and a conditional update of a basis vector corresponding
to acolumn element of the R matrix in response to the R-value
being greater than or equal to the threshold value.
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[0009] The method may also include conducting another
R-value test based on the R matrix including the updated basis
vector in response to the basis vector being updated.

[0010] The method may also include determining the R
matrix corresponding to the R-value lower than the threshold
value to be a lattice reduced R matrix in response to the
R-value being less than the threshold value.

[0011] The executing of the loop may include performing a
size reduction of the basis vector; calculating a Euclidean
distance of the size reduced basis vector; and updating the
basis vector in response to the Euclidean distance for the size
reduced basis vector satisfying a preset condition.

[0012] Theupdating of the basis vector may include updat-
ing the basis vector using a column swap and a Givens rota-
tion of the basis vector.

[0013] The determining that the basis vector may be
updated includes executing the loop on a basis vector subse-
quent to the basis vector when the update of the basis vector
is determined to fail.

[0014] The conducting of the R-value test may include
calculating the R-value using a diagonal element of the R
matrix.

[0015] The calculating of the R-value may include extract-
ing a trace and a determinant of the R matrix based on the
diagonal elements of the R matrix; and calculating the
R-value using a ratio of the extracted trace and the extracted
determinant.

[0016] The calculating of the R-value further may include
extracting a minimal diagonal element of the R matrix; and
calculating the R-value using the minimal diagonal element.
[0017] The method may also include using an orthogonal-
ity defect (OD) factor to define the R-value.

[0018] In accordance with another illustrative configura-
tion, there is provided a method, including calculating an R
matrix including an upper triangular matrix; executing a loop
including a size reduction and a conditional update for a basis
vector corresponding to a column element of the R matrix;
and conducting an R-value test using an R-value based on a
diagonal element of the R matrix and a threshold value in
response to the basis vector being updated.

[0019] The calculating of the R matrix may be performed
using QR decomposition.

[0020] The method may also include executing the loop
based on the R matrix including the updated basis vector in
response to the R-value test determining the R-value to be
greater than or equal to the threshold value.

[0021] The method may also include determining the R
matrix corresponding to the R-value lower than the threshold
value to be a lattice reduced R matrix in response to the
R-value test determining the R-value to be less than the
threshold value.

[0022] In accordance with another illustrative configura-
tion, there is provided a method, including calculating an R
matrix including an upper triangular matrix; conducting an
R-value test using an R-value based on a diagonal element of
the R matrix and a threshold value; executing a loop including
a size reduction and a conditional update for a basis vector
corresponding to a column element of the R matrix in
response to the R-value test determining the R-value to be
greater than or equal to the threshold value; conducting the
R-value test based on the R matrix including the updated basis
vector in response to the R-value test determining the basis
vector to be updated; determining the R matrix corresponding
to the R-value lower than the threshold value to be a lattice
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reduced R matrix in response to the R-value test determining
the R-value to be less than the threshold value.

[0023] The method may also include detecting a multiple
input multiple output (MIMO) received symbol vector using
the lattice reduced R matrix.

[0024] The calculating of the R matrix may be performed
using sorted QR decomposition.

[0025] In accordance with an illustrative configuration,
there is provided an apparatus, including an R matrix calcu-
lating unit configured to calculate an R matrix using sorted
QR decomposition, wherein the R matrix is an upper trian-
gular matrix; an R-value testing unit configured to conduct an
R-value test using an R-value based on diagonal elements of
the R matrix and a threshold value; and an executing unit
configured to execute a loop including a size reduction and a
conditional update of a basis vector corresponding to a col-
umn element of the R matrix in response to the R-value being
greater than or equal to the threshold value.

[0026] The apparatus may also include a basis vector
update determining unit configured to determine to update the
basis vector by directing the R-value testing unit to conduct
another R-value test based on the R matrix including the
updated basis vector.

[0027] The apparatus may also include a lattice reduced R
matrix determining unit configured to determine the R matrix
corresponding to the R-value lower than the threshold value
to be a lattice reduced R matrix in response to the R-value
being less than the threshold value.

[0028] Other features and aspects will be apparent from the
following detailed description, the drawings, and the claims.

BRIEF DESCRIPTION OF THE DRAWINGS

[0029] These and/or other aspects will become apparent
and more readily appreciated from the following description
of the embodiments, taken in conjunction with the accompa-
nying drawings in which:

[0030] FIG. 1 illustrates a concept of a lattice reduction
algorithm.
[0031] FIG. 2 illustrates a method for lattice reduction with

reduced computational complexity, in accordance with an
embodiment.

[0032] FIG. 3 illustrates a method for lattice reduction with
reduced computational complexity using QR decomposition
in accordance with an embodiment.

[0033] FIG. 4 illustrates a mean R-value against a number
of iterations of a Lenstra-Lenstra-Lovasz (LLL) loop, in
accordance with an embodiment.

[0034] FIGS.5 and 6 illustrate uncoded bit error probability
performance of a method for lattice reduction with reduced
computational complexity, in accordance with an embodi-
ment, in a multiple input multiple output (MIMO) system.
[0035] FIG. 7 illustrates computational complexity of a
method for lattice reduction with reduced computational
complexity, in accordance with an embodiment.

[0036] FIG. 8 illustrates an apparatus for lattice reduction
with reduced computational complexity, in accordance with
an embodiment.

[0037] Throughout the drawings and the detailed descrip-
tion, unless otherwise described, the same drawing reference
numerals will be understood to refer to the same elements,
features, and structures. The relative size and depiction of
these elements may be exaggerated for clarity, illustration,
and convenience.
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DETAILED DESCRIPTION

[0038] The following detailed description is provided to
assist the reader in gaining a comprehensive understanding of
the methods, apparatuses, and/or systems described herein.
Accordingly, various changes, modifications, and equivalents
of'the methods, apparatuses, and/or systems described herein
will be suggested to those of ordinary skill in the art. The
progression of processing steps and/or operations described
is an example; however, the sequence of and/or operations is
not limited to that set forth herein and may be changed as is
known in the art, with the exception of steps and/or operations
necessarily occurring in a certain order. Also, description of
well-known functions and constructions may be omitted for
increased clarity and conciseness.

[0039] FIG. 1 illustrates a concept of a lattice reduction
algorithm.
[0040] Referring to FIG. 1, basis vectors 111 and 112 of a

given matrix, for example, an effective channel, may have
various lengths and directions. Basis vectors may be used in
various systems required for signal detection. When basis
vectors are simply represented, various systems using the
basis vectors may show the same performance at a lower
processing rate.

[0041] Inaccordance with an illustrative example, a lattice
reduction algorithm corresponds to a process of finding short
and orthogonal basis vectors. For example, as shown in FIG.
1, absent use of lattice reduction, lattice reduced basis vectors
121 and 122 are shorter and more orthogonal than the basis
vectors 111 and 112. For example, in a case of a linear
detection technique, when a condition number of a channel
gain matrix is large, noise may be amplified greatly when a
received signal is multiplied by a weight value. Noise ampli-
fication would result in performance deterioration. In this
instance, when the lattice reduced basis vectors 121 and 122
are used in a linear detection technique, a condition number of
a channel matrix may be reduced compared with a case in
which the basis vectors 111 and 112 are used absent lattice
reduction.

[0042] A Lenstra-Lenstra-Lovasz (LLL) lattice basis
reduction algorithm is an example of a lattice reduction algo-
rithm, in which computational complexity of the LLL reduc-
tion algorithm may be a polynomial time. In one example, the
computational complexity of the LLL reduction algorithm
may correspond to a number of iterations of an LLL loop, and
an average number of iterations of the LLL loop O(N” log N)
may be bound by a polynomial time in which N denotes a
number of independent rows and Y2<t<1. In this instance, ina
case of a system using an infinite vector length, computa-
tional complexity of an LLL reduction algorithm may be
infinite.

[0043] To reduce computational complexity of an LLL
reduction algorithm, effective LLL and relaxed LLL may be
used. In one example, effective LLL performs a size reduction
of a second off-diagonal element rather than all off-diagonal
elements. Relaxed LLL reduces a number of updates of a
basis vector by adjusting a conditional computation param-
eter based on a number of iterations of a loop. Also, to fix
computational complexity of an LLL reduction algorithm, a
fixed LLL and a parallel LLL may be used. For instance, the
fixed LLL repeats an LLL loop in a fixed pattern of rows
rather than in different rows each time a basis vector is
updated. Also, the parallel LLL implements lattice reduction
by repeating a QR decomposition and a size reduction. A QR
decomposition or QR factorization of a matrix is a decompo-
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sition of a matrix A into a product A=QR of an orthogonal
matrix Q and an upper triangular matrix R.

[0044] Also, an incremental LLL may be used to reduce a
number of iterations of an LLL loop in an LLL reduction
algorithm. For instance, the incremental LLL executes a reli-
ability assessment (RA) based on a detected signal. When
reliability is high, the RA terminates the LLL reduction algo-
rithm absent further iteration of the LLL loop. In the RA, the
lower a Euclidean distance in a lattice reduced domain is
when compared to a preset threshold value, the higher a
reliability. To calculate the Euclidean distance in the lattice
reduced domain, RA in an incremental LLL, may be repre-
sented by Equation 1.

RA:|y-HS|=A40,,

[0045] In this equation, y denotes a received signal vector,
and H denotes a given matrix. Also, § denotes a detected
symbol vector, and Ao,, denotes a preset threshold value. In
this instance, RA is implemented by determining whether the
Euclidean distance calculated using the received signal vector
y and the detected signal vector § is less than or equal to the
preset threshold value Ao,,,.

[0046] The RA may be specified by Equation 2.

[Equation 1]

22

2 A [Equation 2]
|Rz - b||” = 4W,where b=

Q"y+Rg
—

g=T 'L+ Pluna

[0047] In this example, each of R, Q, and T denotes an
updated matrix resulting from execution of an LLL loop, and
avector g denotes an updated vector resulting from execution
of'the LLL loop. Also, b denotes a linearly equalized signal
and denotes a detected signal vector. Also,

2,2
Afoy,

4

denotes a preset threshold value, and y denotes a received
signal vector. In this example, when a basis vector update is
successful, the linearly equalized signal b is updated using the
updated matrix and the updated vector. Also, the detected
signal vector z may be calculated using the updated signal b.
Because the incremental LLL uses a detected signal for RA,
a multiple input multiple output (MIMO) received symbol
vector detection may be provided within a loop in response to
the incremental LLL being used as a preprocessor in the
MIMO system. Accordingly, the incremental LLL reduces a
number of iterations of an LLL loop. However, the incremen-
tal LLL detects an MIMO received signal vector each time a
basis vector is updated, which may lead to additional opera-
tional processing.

[0048] FIG. 2 illustrates a method for lattice reduction with
reduced computational complexity in accordance with an
embodiment.

[0049] Atoperation 210, the method calculates an R matrix
for a given matrix using sorted QR decomposition in which
the R matrix corresponds to an upper triangular matrix. In one
example, the given matrix may be used in various systems
implementing the method for lattice reduction with reduced
computational complexity. For example, the given matrix
corresponds to an effective channel matrix in response to the
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method for lattice reduction with reduced computational
complexity being applied to a MIMO system.

[0050] In a configuration, the method for lattice reduction
performs a sorted QR decomposition of a given channel. In
this configuration, the method for lattice reduction calculates
an R matrix through the sorted QR decomposition. Also, in
response to the method for lattice reduction being performed
using the calculated R matrix, a number of iterations of an
LLL loop, to be described below, and overall computational
complexity are reduced. In accordance with an embodiment,
the R matrix corresponds to an upper triangular matrix, and
represents a basis vector.

[0051] At operation 220, the method for lattice reduction
conducts an R-value test using an R-value based on a diagonal
element of the R matrix and a preset threshold value. Con-
ducting of the R-value test indicates that an R matrix resulting
from basis vector update may be used to determine whether to
iterate an LLL loop, while eliminating the need for a separate
external factor, for example, a detected signal in a MIMO
system. Accordingly, the method for lattice reduction reduces
a number of iterations of an LLL loop and, consequently,
reduces the entire computational complexity.

[0052] Inthe R-value test, the method for lattice reduction
calculates the R-value based on the diagonal elements of the
R matrix. In one example, the R-value is configured to deter-
mine a lattice reduced R matrix of an output of the method for
lattice reduction. To define the R-value, an orthogonality
defect (OD) factor may be taken into account. In one
example, the orthogonality defect factor refers to a criterion
to determine whether the method for lattice reduction is per-
formed properly. In this example, the orthogonality defect
factor after performing the method for lattice reduction is
represented by Equation 3.

[Equation 3]

[ il / Vae®R) =1

[0053] In this example, det(A) denotes a determinant of a
matrix A, and ||r||, denotes a norm L2 of an i-th row of the
matrix R. Also, based on an arithmetic geometric mean in the
orthogonality defect factor and that the norm 1.2 is less than a
norm L1, an upper bound of the orthogonality defect factor
may be extracted. The upper bound of the orthogonality
defect factor is represented by Equation 4.

[Equation 4]

1 Nt
oD < C(EZ |r‘-,‘-|] /ldet(R)l =

1 Nt
C[EZM,J/N,[ l?lri,il ]

[0054] C denotes a constant. Also, Nt denotes a number of
transmitting antennas and corresponds to a number of inde-
pendent rows, and

NLIZ 7l
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denotes a value close to 1. Accordingly, an approximated
upper bound of the orthogonality defect factor may be
expressed as a ratio of a normalized trace and a normalized
determinant of the R matrix. In this example, when

1
— > Il = (NN
Nt -

is satisfied, an actual upper bound of the orthogonality defect
factoris represented. However, to reduce computational com-
plexity, the method for lattice reduction uses an approximated
upper bound. Accordingly, the R-value is represented by
Equation 5.

Ctr(IR1)/Idet(R)|

[0055] C denotes a constant. Also, tr(IR) denotes a trace of
the R matrix, and Idet(R)| denotes a determinant of the R
matrix. Accordingly, the R-value is calculated using a diago-
nal element of the R matrix resulting from an update of a basis
vector update, that is, a ratio of the trace and the determinant
of'the R matrix, irrespective of other factors. Also, the R-value
has a different value because of the diagonal elements of the
R matrix change with the update of the basis vector.

[0056] Further, the method for lattice reduction calculates
the R-value using a minimal diagonal element of the R matrix.
The method for lattice reduction extracts the minimal diago-
nal element of the R matrix, and calculates the R-value using
the extracted minimal diagonal element

[Equation 5]

H§n|ri,i|

More particularly, the method for lattice reduction calculates
the R-value using a value to maximize the minimal diagonal
element. In this case, the R-value may be represented by

max(minlry;|).
i

[0057] Also, in accordance with an embodiment, the
method for lattice reduction is applied to a fixed LLL or a
parallel LLL having fixed computational complexity. In this
case, the fixed LLL or the parallel LLL updates an entire row
rather than iterating an LLL loop row by row. Accordingly,
when the method for lattice reduction is applied to the fixed
LLL or the parallel LLL, the R-value is calculated using a
value

max(min|ri;|)
i

to maximize the minimal diagonal element of the R matrix.
This may be for maximizing a minimum signal to noise ratio
(SNR).

[0058] Also, the method for lattice reduction compares the
minimal diagonal element min,Ir, | to a preset predetermined
value, and represents, as the R-value, the minimal diagonal
element greater than or equal to the preset predetermined
value.
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[0059] Also, the method for lattice reduction conducts the
R-value test by comparing the R-value to the preset threshold
value. In one example, the preset threshold value is set dif-
ferently based on a configuration of a system to which the
method for lattice reduction is applied.

[0060] At operation 230, as a result of the R-value test,
when the R-value is determined to be greater than or equal to
the preset threshold value, the method for lattice reduction
executes an LLL loop including a size reduction and a con-
ditional update for a basis vector corresponding to a column
element of the R matrix. In one example, the R-value being
greater than or equal to the preset threshold value may be
indicative that the R matrix is invalid as a lattice reduced R
matrix. Accordingly, the LLL loop generates a shorter, more
orthogonal R matrix.

[0061] Inone illustrative example, the LLL loop includes a
size reduction and an update of a basis vector. The size reduc-
tion refers to transformation of the basis vector to a vector
having shorter and more orthogonal properties. Also, when a
sized reduced basis vector is created, correlation between
basis vectors may be reduced. In accordance with an embodi-
ment, the method for lattice reduction performs the size
reduction in an ascending order from a basis vector corre-
sponding to a last column of the R matrix. In the alternative,
the method for lattice reduction performs the size reduction in
adescending order from a basis vector corresponding to a first
column of the R matrix.

[0062] Also, the method for lattice reduction updates the
basis vector only when a particular condition is satisfied.
More particularly, the method for lattice reduction calculates
a Euclidean distance for the size reduced basis vector. When
the Euclidean distance for the size reduced basis vector sat-
isfies a preset condition, the method for lattice reduction
updates the basis vector. In one example, the preset condition
is set using a preset Euclidean distance. For example, when
the preset condition is set to update the basis vector when the
Euclidean distance for the size reduced basis vector is less
than the preset Euclidean distance, the method for lattice
reduction updates the basis vector when the preset condition
is satisfied.

[0063] Also, the update of the basis vector is performed
using a column swap and a Givens rotation of the basis vector.
When the size reduced basis vector satisfies the preset con-
dition, the method for lattice reduction exchanges the size
reduced basis vector and a next basis vector of the basis
vector. In this instance, when the size reduction is performed
from a basis vector corresponding to a last column, the next
basis vector corresponds to a basis vector having a number of
columns decreased by a value of one from that of the size
reduced basis vector. When the size reduction is performed
from a basis vector corresponding to a first column, the next
basis vector corresponds to a basis vector having a column
number increased by one from that of the size reduced basis
vector. Also, after the column swap is completed, the upper
triangular matrix is maintained using a Givens rotation
because the R matrix corresponds to an upper triangular
matrix.

[0064] At operation 240, the method for lattice reduction
determines whether the basis vector is updated. More particu-
larly, when the size reduced basis vector in the LLL loop
satisfies the preset condition, the method for lattice reduction
updates the basis vector. When the basis vector fails to satisfy
the preset condition, even though the basis vector is reduced
in size, the method for lattice reduction fails the update. Also,
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the method for lattice reduction determines whether to con-
tinue based on whether the basis vector resulting from the
execution of the LLL loop is updated.

[0065] When the update of the basis vector is determined to
fail, the method for lattice reduction executes the LLL loop on
a next basis vector of the basis vector. In the same manner as
the LLL loop executed on the basis vector, the method for
lattice reduction performs a size reduction of the next basis
vector. In response to a Fuclidean distance for the size
reduced next basis vector satistying the preset condition, the
method for lattice reduction updates the next basis vector.
Also, based on whether the next basis vector is updated, the
method for lattice reduction determines whether to iterate the
LLL loop or whether to continue to proceed.

[0066] Also, when the basis vector is determined to be
updated, the method for lattice reduction continues absent an
iteration of the LLL loop for a next basis vector.

[0067] When the basis vector is updated, the method for
lattice reduction conducts the R-value test based on the R
matrix including the updated basis vector. Accordingly, the
R-value test may be conducted again for the R matrix includ-
ing the updated basis vector that is shorter and more orthogo-
nal than that of the initial R matrix.

[0068] As a result of the R-value test, when the R-value is
determined to be greater than or equal to the preset threshold
value, the method for lattice reduction executes the LLL loop
and returns to operation 230. Accordingly, the method for
lattice reduction performs a size reduction and a conditional
update for the R matrix including the updated basis vector.
Also, the method for lattice reduction determines whether the
basis vector is updated, and when the basis vector is deter-
mined to be updated, conducts the R-value test again forthe R
matrix including the updated basis vector. This iteration may
be performed until the R-value is less than the preset thresh-
old value.

[0069] At operation 250, as a result of the R-value test,
when the R-value is determined to be less than the preset
threshold value, the method for lattice reduction determines
the R matrix, corresponding to the R-value lower than the
preset threshold value, to be a lattice reduced R matrix. In one
example, the R-value less than the preset threshold value
suggests that the R matrix is sufficient to be the lattice reduced
R matrix. Accordingly, the method for lattice reduction deter-
mines the basis vector updated R matrix to be the lattice
reduced R matrix, while eliminating the need for further
iteration of the LLL loop. In a system to which the method for
lattice reduction is applied, a Q matrix corresponding to the
lattice reduced R matrix may be calculated using the lattice
reduced R matrix. Using the Q matrix and the R matrix, a
result may be produced based on a goal of the system.
[0070] Also, the method for lattice reduction may be
applied to an MIMO system. More particularly, the method
for lattice reduction in the MIMO system calculates an R
matrix for an effective channel using sorted QR decomposi-
tion, and conducts an R-value test using an R-value based on
a diagonal element of the R matrix and a preset threshold
value. As a result of the R-value test, when the R-value is
determined to be greater than or equal to the preset threshold
value, the method for lattice reduction in the MIMO system
executes an LLL loop including a size reduction and a con-
ditional update for a basis vector corresponding to a column
element ofthe R matrix. Also, the method for lattice reduction
in the MIMO system determines whether the basis vector is
updated. As a result of the determination, in response to the
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basis vector being updated, the method for lattice reduction
conducts an R-value test based on the R matrix including the
updated basis vector. Also, as a result of the R-value test,
when the R-value is less than the preset threshold value, the
method for lattice reduction determines the R matrix less than
the preset threshold value to be a lattice reduced R matrix.
This determination may include the same feature as the
method for lattice reduction as previously described. Also, the
method for lattice reduction detects a MIMO received symbol
vector using the lattice reduced R matrix. That is, a Q matrix
corresponding to the lattice reduced R matrix is generated
using the lattice reduced R matrix. Using the Q matrix and the
R matrix, the MIMO received symbol vector is created.
Accordingly, using the MIMO received symbol detection in
the last operation reduces computational complexity.

[0071] FIG. 3 illustrates a method for lattice reduction with
reduced computational complexity using QR decomposition
in accordance with an exemplary embodiment.

[0072] Referring to FIG. 3, at operation 310, the method for
lattice reduction calculates an R matrix for a given matrix in
which the R matrix corresponds to an upper triangular matrix.
[0073] At operation 320, the method for lattice reduction
executes an LLL loop including a size reduction and a con-
ditional update for a basis vector corresponding to a column
element of the R matrix.

[0074] At operation 330, the method for lattice reduction
determines whether the basis vector is updated.

[0075] At operation 340, the method for lattice reduction
conducts an R-value test using an R-value based on a diagonal
element of the R matrix and a preset threshold value when the
basis vector is determined to be updated. More particularly, as
aresult of the R-value test, when the R-value is determined to
be greater than or equal to the preset threshold value, the
method for lattice reduction executes the LLL loop again
(operation 320), based on the R matrix including the updated
basis vector. Also, the method for lattice reduction determines
whether the basis vector is updated, and conducts the R-value
test again (operation 340) based on the R matrix including the
updated basis vector. This iteration may be performed until
the R-value is less than the preset threshold value.

[0076] As a result of the R-value test, when the R-value is
determined to be less than the preset threshold value, the
method for lattice reduction determines the R matrix being
less than the preset threshold value to be a lattice reduced R
matrix. Accordingly, the method for lattice reduction deter-
mines the R matrix to be the lattice reduced R matrix absent
re-execution of the LLL loop. Also, in a system to which the
method for lattice reduction is applied, a Q matrix corre-
sponding to the lattice reduced R matrix may be calculated.
Using the Q matrix and the R matrix, a result may be executed
depending on a system’s application.

[0077] FIG. 4 illustrates a mean R-value against a number
ofiterations of an LLL loop, in accordance with an embodi-
ment.

[0078] Referring to FIG. 4, in a graph 410, an X axis
denotes a number of iterations of an LLL loop, and a Y axis
denotes a mean R-value. Also, nodes and edges 411 represent
a change in the mean R-value based on the number of itera-
tions of the LLL loop. The graph 410 shows a decrease in a
mean R-value with an increasing number of iterations of an
LLL loop. In this example, the R-value is not influenced by
the execution of the size reduction, which suggests that the
R-value may be reduced as a number of updates of a basis
vector increases. Accordingly, to reduce computational com-
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plexity, the method for lattice reduction with reduced com-
putational complexity makes a determination about an
R-value when a basis vector resulting from the execution of
the LLL loop is updated.

[0079] FIGS.5 and 6 illustrate uncoded bit error probability
performance of a method for lattice reduction with reduced
computational complexity, in accordance with an embodi-
ment in an MIMO system.

[0080] Referring to FIG. 5, a graph 510 illustrates a lattice
reduction algorithm using minimum mean square error
(MMSE)-successive interference cancellation (SIC). The
graph 510 includes an MMSE-SIC edge 511 based on the
method for lattice reduction with reduced computational
complexity, a double-sorted low complexity lattice-reduced
decision-feedback (DOLLAR) node 512, an MMSE-SIC
node 513 considering an original LL.L, an MMSE-SIC node
514 considering an incremental LLL, and an MMSE-SIC
node 515 based on the method for lattice reduction with
reduced computational complexity. The DOLLAR node 512
corresponds to MMSE-SIC through a sorted QR decomposi-
tion and a size reduction being performed twice. Also, in the
graph 510, an X axis denotes an SNR in decibels (dB) and a
Y axis denotes an uncoded bit error probability to a degree of
1.0x107*, for example, a bit error rate (BER).

[0081] Inthegraph510, when compared to the MMSE-SIC
edge 511 based on the method for lattice reduction with
reduced computational complexity, the MMSE-SIC node 515
using the method for lattice reduction with reduced compu-
tational complexity obtains a gain of 18 dB. When compared
to the DOLLAR node 512, the MMSE-9SIC node 515 based
on the method for lattice reduction with reduced computa-
tional complexity obtains a gain of 7 dB. Also, the nodes 513
through 515 may exhibit the same performance, which sug-
gests that the method for lattice reduction with reduced com-
putational complexity avoids performance deterioration with
reduced computational complexity.

[0082] A graph 520 illustrates the performance when the
method for lattice reduction with reduced computational
complexity is applied to a fixed LLL and a parallel LLL.
Similar to the graph 510, an X axis denotes an SNR and aY
axis denotes a BER. Also, edges and nodes of the graph 520
represent MMSE-SIC based on the method for lattice reduc-
tion with reduced computational complexity. More particu-
larly, the graph 520 includes an MMSE-SIC edge 521 based
on a original LLL,, an MMSE-SIC node 522 based on an
incremental LLL, an MMSE-SIC node 523 based on the fixed
LLL to which the method for lattice reduction with reduced
computational complexity is applied, and an MMSE-SIC 524
based on the parallel LLL to which the method for lattice
reduction with reduced computational complexity is applied.
In this instance, the node 523 and the node 524 perform the
method for lattice reduction until a minimal diagonal element
among diagonal elements of an R matrix no longer increases.
[0083] In the graph 520, the edge 521 and the nodes 522
through 524 exhibit the same trend, which suggest that the
fixed LLL and the parallel LLL, to which the method for
lattice reduction with reduced computational complexity is
applied, have the same performance as those of the LLL and
the incremental LLL. Accordingly, the fixed LLL and the
parallel LLL, to which the method for lattice reduction with
reduced computational complexity is applied, avoids perfor-
mance deterioration with reduced computational complexity.
[0084] Referring to FIG. 6, a graph 610 illustrates a lattice
reduction algorithm using MMSE-SIC in a channel having a
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high spatial correlation. The graph 610 includes an MMSE-
SIC edge 611 based on the method for lattice reduction with
reduced computational complexity, an MMSE-SIC node 612
based on the method for lattice reduction with reduced com-
putational complexity, an MMSE-SIC node 613 based on an
incremental LLL, an MMSE-SIC node 614 based on an origi-
nal LLL, and a Kbest node 615. In the graph 610, an X axis
denotes an SNR in dB and a 'Y axis denotes a BER.

[0085] In one example, the method for lattice reduction
with reduced computational complexity may be more favor-
able to improve performance as a spatial correlation
increases. As shown the graph 610, in a case of a channel
having a high spatial correlation in a long term evolution
network (LTE), reception performance of the MMSE-SIC
node 612 considering the method for lattice reduction with
reduced computational complexity increases by about 16 dB
compared with reception performance of the MMSE-SIC
edge 611 and the Kbest node 615. Also, the MMSE-SIC node
612 using the method for lattice reduction with reduced com-
putational complexity has a similar performance as the
MMSE-SIC nodes 613 and 614 using original lattice reduc-
tion methods.

[0086] FIG. 7 illustrates computational complexity of a
method for lattice reduction with reduced computational
complexity, in accordance with an embodiment.

[0087] Referring to FIG. 7, a graph 710 includes an original
LLL edge 711, a node 712 associated with a number of
iterations of an LLLLL, loop of an incremental L.L.L,, and a basis
vector update node 714. The graph 710 also includes a node
713 associated with a number of iterations of an LLL loop of
the method for lattice reduction with reduced computational
complexity, and a basis vector update node 715. Also, an X
axis denotes an SNR and a'Y axis denotes an average number
of iterations of an LLL loop or an average number of basis
vector updates.

[0088] In the graph 710, the node 713 associated with a
number of iterations of an LL.L loop of the method for lattice
reduction with reduced computational complexity is reduced
by a value of about one third in comparison with the original
lattice reduction method 711. However, the node 713 associ-
ated with a number of iterations of an LLLL loop of the method
for lattice reduction with reduced computational complexity
increases by a value of about one or two when compared to a
number of iterations of an LLL loop of the incremental LLL,
because an R-value of the method for lattice reduction with
reduced computational complexity purely considers charac-
teristics of a channel. However, because the method for lattice
reduction with reduced computational complexity does not
involve iterative MIMO signal detection, the entire computa-
tion complexity of the method for lattice reduction with
reduced computational complexity obtains a computational
complexity gain of about 1.5 times in a 4x4 MIMO. Also, the
method for lattice reduction with reduced computational
complexity obtains a computational complexity gain with an
increasing number of antennas when compared to the incre-
mental LLL because the basis vector update is performed
with fixed computational complexity. However, computa-
tional complexity of MIMO detection increases with an
increasing number of antennas. Also, in one example, the
method for lattice reduction with reduced computational
complexity may work for varying channels, in view of an
inherent advantage of lattice reduction when lattice reduction
is used as a preprocessor for slow fading channels. In contrast,
even though a channel changes slowly, the incremental LLL
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may increase computational complexity compared with an
original lattice reduction because the incremental LLL is
related to a signal vector.

[0089] Inhardware design, the method for lattice reduction
with reduced computational complexity may interwork, as a
preprocessor, with various MIMO detectors. However, in
some configurations, the incremental LLL may need different
hardware designs based on a detection algorithm due to inte-
gration of lattice reduction and MIMO detection rather than
implementation as a preprocessor. Also, as complexity of a
detection algorithm increases, computational complexity of
lattice reduction in the incremental LLL. may increase.
[0090] A graph 720 illustrates computational complexity in
a case in which the method for lattice reduction with reduced
computational complexity is applied to a fixed LLL and a
parallel LLL. More particularly, the graph 720 includes a
parallel LLL node 721, a fixed LLL node 722, a parallel LLL
node 723 to which the method for lattice reduction with
reduced computational complexity is applied, and a fixed
LLL node 724 to which the method for lattice reduction with
reduced computational complexity is applied. Similarly, an X
axis denotes an SNR and a Y axis denotes a number of
iterations. In one example, when the method for lattice reduc-
tion with reduced computational complexity is applied, the
fixed LLL may obtain a computational complexity gain of
22% and the parallel LLL may obtain a computational com-
plexity gain of 18%, suggesting that, when the method for
lattice reduction with reduced computational complexity is
applied, performance deterioration may be avoided with
reduced computational complexity.

[0091] FIG. 8 illustrates an apparatus for lattice reduction
with reduced computational complexity 800 in accordance
with an exemplary embodiment.

[0092] Referring to FIG. 8, an R matrix calculating unit 810
calculates an R matrix for a given matrix using sorted QR
decomposition, in which the R matrix corresponds to an
upper triangular matrix.

[0093] AnR-valuetestingunit 820 conducts an R-value test
using an R-value based on a diagonal element of the R matrix
and a preset threshold value.

[0094] An LLL loop executing unit 830 executes an LLL
loop including a size reduction and a conditional update for a
basis vector corresponding to a column element of the R
matrix when the result of the R-value test indicates that the
R-value is greater than or equal to the preset threshold value.
[0095] A basis vector update determining unit 840 deter-
mines whether the basis vector is updated.

[0096] The R-value testing unit 820 conducts the R-value
test again based on the R matrix including the updated basis
vector when the basis vector is determined to be updated.
[0097] A lattice reduced R matrix determining unit 850
determines the R matrix corresponding to the R-value lower
than the preset threshold value to be a lattice reduced R matrix
when the R-value is determined to be less than the preset
threshold value.

[0098] Inaccordance with an alternative configuration, the
apparatus may be configured to reduce lattice with reduced
computational complexity using QR decomposition, in
accordance with an embodiment. The R matrix calculating
unit 810 calculates an R matrix for a given matrix using QR
decomposition, in which the R matrix may correspond to an
upper triangular matrix. The LLL loop executing unit 830
executes an LLL loop including a size reduction and a con-
ditional update for a basis vector corresponding to a column
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element of the R matrix. The basis vector update determining
unit 840 determines whether the basis vector is updated. The
R-value testing unit 820 conducts an R-value test using an
R-value based on a diagonal element of the R matrix and a
preset threshold value when the basis vector is determined to
be updated.

[0099] Inaccord with another alternative configuration, the
apparatus may be configured to reduce lattice with reduced
computational complexity in an MIMO system in accordance
with an embodiment. The R matrix calculating unit 810 cal-
culates an R matrix for an effective channel using sorted QR
decomposition, in which the R matrix corresponds to an
upper triangular matrix. The R-value testing unit 820 con-
ducts an R-value test using an R-value based on a diagonal
element ofthe R matrix and a preset threshold value. The LLL
loop executing unit 830 executes an LLL loop including a size
reduction and a conditional update for a basis vector corre-
sponding to a column element of the R matrix when the
R-value is determined to be greater than or equal to the preset
threshold value. The basis vector update determining unit 840
determines whether the basis vector is updated. The R-value
testing unit 820 conducts the R-value test based on the R
matrix including the updated basis vector when the basis
vector is determined to be updated. The lattice reduced R
matrix determining unit 850 determines the R matrix corre-
sponding to the R-value lower than the preset threshold value
to be a lattice reduced R matrix when the R-value is deter-
mined to be less than the preset threshold value, as a result of
the R-value test. A MIMO received symbol vector is detected
using the lattice reduced R matrix. In one configuration, the
MIMO received symbol vector may be detected at the lattice
reduced R matrix determining unit 850 or at another detecting
unit, internal or external to the apparatus 800.

[0100] The R matrix calculating unit 810, an LLL loop
executing unit 830, a basis vector update determining unit
840, an R-value testing unit 820, and the lattice reduced R
matrix determining unit 850, and the apparatus 800 described
herein may be implemented using hardware components. The
hardware components may include, for example, controllers,
sensors, testers, processors, generators, drivers, and other
equivalent electronic components. The hardware components
may be implemented using one or more general-purpose or
special purpose computers, such as, for example, a processor,
a controller and an arithmetic logic unit, a digital signal
processor, a microcomputer, a field programmable array, a
programmable logic unit, a microprocessor or any other
device capable of responding to and executing instructions in
a defined manner. The hardware components may run an
operating system (OS) and one or more software applications
that run on the OS. The hardware components also may
access, store, manipulate, process, and create data in response
to execution of the software. For purpose of simplicity, the
description of a processing device is used as singular; how-
ever, one skilled in the art will appreciated that a processing
device may include multiple processing elements and mul-
tiple types of processing elements. For example, a hardware
component may include multiple processors or a processor
and a controller. In addition, different processing configura-
tions are possible, such a parallel processors.

[0101] Furthermore, although the hardware or structural
elements of FIG. 8 are illustrated as individual units, each unit
may be combined with another unit or all units may be com-
bined as a single structural unit.
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[0102] The disclosure described with reference to FIGS. 1
through 7 may be applied to the apparatus for lattice reduction
with reduced computational complexity 800 in accordance
with an embodiment as shown in FIG. 8, an apparatus for
lattice reduction with reduced computational complexity
using QR decomposition in accordance with an exemplary
embodiment, and an apparatus for lattice reduction with
reduced computational complexity in an MIMO system in
accordance with an embodiment, and thus, a further detailed
description is omitted herein.

[0103] Itis to be understood that in the embodiment of the
present invention, the operations in FIGS. 2 and 3 are per-
formed in the sequence and manner as shown although the
order of some operations and the like may be changed without
departing from the spirit and scope of the described configu-
rations. In accordance with an illustrative example, a com-
puter program embodied on a non-transitory computer-read-
able medium may also be provided, encoding instructions to
perform at least the method described in FIGS. 2 and 3.
[0104] The methods in accordance with exemplary
embodiments may be recorded, stored, or fixed in one or more
non-transitory computer-readable storage media that
includes program instructions to be implemented by a com-
puter to cause a processor to execute or perform the program
instructions. The media may also include, alone or in combi-
nation with the program instructions, data files, data struc-
tures, and the like. The media and program instructions may
be those specially designed and constructed, or they may be
of the kind well-known and available to those having skill in
the computer software arts. Examples of non-transitory com-
puter-readable media include magnetic media such as hard
discs, floppy discs, and magnetic tape; optical media such as
CD ROM discs and DVDs; magneto-optical media such as
optical discs; and hardware devices that are specially config-
ured to store and perform program instructions, such as read-
only memory (ROM), random access memory (RAM), flash
memory, and the like. Examples of program instructions
include both machine code, such as produced by a compiler,
and files containing higher level code that may be executed by
the computer using an interpreter. The described hardware
devices may be configured to act as one or more software
modules in order to perform the operations and methods
described above, or vice versa. In addition, a non-transitory
computer-readable storage medium may be distributed
among computer systems connected through a network and
non-transitory computer-readable codes or program instruc-
tions may be stored and executed in a decentralized manner.
[0105] A number of examples have been described above.
Nevertheless, it should be understood that various modifica-
tions may be made. For example, suitable results may be
achieved if the described techniques are performed in a dif-
ferent order and/or if components in a described system,
architecture, device, or circuit are combined in a different
manner and/or replaced or supplemented by other compo-
nents or their equivalents. Accordingly, other implementa-
tions are within the scope of the following claims.

What is claimed is:
1. A method, comprising:

calculating an R matrix using sorted QR decomposition,
wherein the R matrix is an upper triangular matrix;
conducting an R-value test using an R-value based on

diagonal elements of the R matrix and a threshold value;
and
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executing a loop comprising a size reduction and a condi-
tional update of a basis vector corresponding to a column
element of the R matrix in response to the R-value being
greater than or equal to the threshold value.

2. The method of claim 1, further comprising:

conducting another R-value test based on the R matrix

comprising the updated basis vector in response to the
basis vector being updated.

3. The method of claim 1, further comprising:

determining the R matrix corresponding to the R-value

lower than the threshold value to be a lattice reduced R
matrix in response to the R-value being less than the
threshold value.

4. The method of claim 1, wherein the executing of the loop
comprises:

performing a size reduction of the basis vector;

calculating a Euclidean distance of the size reduced basis

vector; and

updating the basis vector in response to the Euclidean

distance for the size reduced basis vector satisfying a
preset condition.

5. The method of claim 4, wherein the updating of the basis
vector comprises updating the basis vector using a column
swap and a Givens rotation of the basis vector.

6. The method of claim 2, wherein the determining that the
basis vector is updated comprises executing the loop on a
basis vector subsequent to the basis vector when the update of
the basis vector is determined to fail.

7. The method of claim 1, wherein the conducting of the
R-value test comprises calculating the R-value using a diago-
nal element of the R matrix.

8. The method of claim 7, wherein the calculating of the
R-value comprises:

extracting a trace and a determinant of the R matrix based

on the diagonal elements of the R matrix; and
calculating the R-value using a ratio of the extracted trace
and the extracted determinant.

9. The method of claim 7, wherein the calculating of the
R-value further comprises:

extracting a minimal diagonal element of the R matrix; and

calculating the R-value using the minimal diagonal ele-

ment.

10. The method of claim 1, further comprising:

using an orthogonality defect (OD) factor to define the

R-value.

11. A method, comprising:

calculating an R matrix comprising an upper triangular

matrix;

executing a loop comprising a size reduction and a condi-

tional update for a basis vector corresponding to a col-
umn element of the R matrix; and

conducting an R-value test using an R-value based on a

diagonal element of the R matrix and a threshold value in
response to the basis vector being updated.

12. The method of claim 11, wherein the calculating of the
R matrix is performed using QR decomposition.

13. The method of claim 11, further comprising:

executing the loop based on the R matrix comprising the

updated basis vector in response to the R-value test
determining the R-value to be greater than or equal to the
threshold value.

14. The method of claim 11, further comprising:

determining the R matrix corresponding to the R-value

lower than the threshold value to be a lattice reduced R
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matrix in response to the R-value test determining the
R-value to be less than the threshold value.

15. A method, comprising:

calculating an R matrix comprising an upper triangular
matrix;

conducting an R-value test using an R-value based on a
diagonal element of the R matrix and a threshold value;

executing a loop comprising a size reduction and a condi-
tional update for a basis vector corresponding to a col-
umn element of the R matrix in response to the R-value
test determining the R-value to be greater than or equal
to the threshold value;

conducting the R-value test based on the R matrix com-
prising the updated basis vector in response to the
R-value test determining the basis vector to be updated;

determining the R matrix corresponding to the R-value
lower than the threshold value to be a lattice reduced R
matrix in response to the R-value test determining the
R-value to be less than the threshold value.

16. The method of claim 15, further comprising:

detecting a multiple input multiple output (MIMO)
received symbol vector using the lattice reduced R
matrix.

17. The method of claim 15, wherein the calculating of the

R matrix is performed using sorted QR decomposition.
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18. An apparatus, comprising:

an R matrix calculating unit configured to calculate an R
matrix using sorted QR decomposition, wherein the R
matrix is an upper triangular matrix;

an R-value testing unit configured to conduct an R-value
test using an R-value based on diagonal elements of the
R matrix and a threshold value; and

an executing unit configured to execute a loop comprising
a size reduction and a conditional update of a basis
vector corresponding to a column element of the R
matrix in response to the R-value being greater than or
equal to the threshold value.

19. The apparatus of claim 18, further comprising:

a basis vector update determining unit configured to deter-
mine to update the basis vector by directing the R-value
testing unit to conduct another R-value test based on the
R matrix comprising the updated basis vector.

20. The apparatus of claim 18, further comprising:

a lattice reduced R matrix determining unit configured to
determine the R matrix corresponding to the R-value
lower than the threshold value to be a lattice reduced R
matrix in response to the R-value being less than the
threshold value.



