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SIGMA DELTA QUANTIZATION FOR
IMAGES

CROSS-REFERENCE TO RELATED
APPLICATIONS

This application claims the benefit of U.S. Provisional
Application No. 63/024,861, filed on May 14, 2020. The
entire disclosure of the above application is incorporated
herein by reference.

GOVERNMENT CLAUSE

This invention was made with government support under
CCF1909523 awarded by the National Science Foundation.
The government has certain rights in the invention.

FIELD

The present disclosure relates to techniques quantizing
pixels of an image.

BACKGROUND

In digital signal processing, quantization is the step of
converting a signal’s real-valued samples into a finite string
of bits. As the first step in digital processing, it plays a
crucial role in determining the information conversion rate
and the reconstruction quality. Mathematically, given a
signal class § CR” and a fixed codebook €, the goal of the
quantization is to find for every signal x in § a codebook
representation q €C so that it can be stored digitally. Q is
used to denote the quantization map between the signal
space & and the codebook C

0:5 € ixmag.

Quantization schemes are usually equipped with recon-
structing algorithms, that can reconstruct the original signal
from the encoded bits. To ensure practicability, the recon-
struction algorithms have to be solvable in polynomial
times. More explicitly, the algorithm, denoted by A, should
be able to reconstruct every signal x €8 from their encoded
vector q in polynomial time up to some small distortion

Distortion:=|[£-x]|,=||A(g)—x|.>.

For a given signal class &, define the optimal quantization
Q to be the one optimizing the bit rate distortion defined as
the minimal possible distortion under a fixed bit budget. Let
R be the fixed budget, among all codebook C representable
in R bits, the optimal quantization Q is the one that mini-
mizes the minimax distortion

63

0 = argmig.s cjej=zt XA - Q(x) — Al

where D is the class of polynomial time decoders.

If the signal class § forms a compact metric space, one
can find the optimal quantizer using an information theo-
retical argument. Given a fixed approximation error €, one
can find infinitely many e-nets of &. The smallest possible
cardinality of the e-nets is called the covering number N(e).
Suppose such an optimal e-net is given, define the quanti-
zation Q as the map that sends every point in 8 to the center
of the e-ball containing this point. Using the binary repre-
sentation, the number of bits needed to encode the centers is
R=log,N(e). This relation reduces to e~2~%'“ when § is the
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2

£, ball in R ? see, e.g.,[19]), where ~ means the two sides
are equal to each other up to some constant. This relation
e~27%? is called the exponential relation, which is the best
decay rate for e as R increases. However, this optimal
quantization scheme suffers from the following impractical-
ity: 1) unless & has a regular shape, finding the e-covering
for & suffers from the curse of dimensionality; 2) the
scheme cannot be operated in an online manner as the
nearest center of x can only be found after all samples of x
have been received; and 3) if extra samples come in, the
e-net needs to be recalculated.

These concerns inspire people to impose the following
practical requirements on the quantizer Q. The quantization
q should have the same size as the signal x. Q should
quantize each entry of X to an entry of q in an online manner,
which means ¢, (the ith entry of q) only depends on the
historial inputs x,, . . ., X, not the future ones. The alphabets
A, for each q, are the same and fixed in advance, i.e.,

A ,=... A =A. Together they form the codebook € =A".
As the quantization is implemented in the analog hardware,
the mathematical operations should be kept as simple as
possible. In particular, addition/subtraction are much more
preferred circuit operations than multiplication/division.
Here, for simplicity, alphabet A is chosen from the class of
finite equal-spacing grids with step-size 0,

A ={cssd,ccR je Ty <i<s, (1.1)

This section provides background information related to
the present disclosure which is not necessarily prior art.

SUMMARY

This section provides a general summary of the disclo-
sure, and is not a comprehensive disclosure of its full scope
or all of its features.

In one aspect, a technique is presented for quantizing
pixels of an image using 1D Sigma Delta quantization. The
method includes: receiving pixel values for an image cap-
tured by an imager at a sequencing circuit; segmenting or
sequencing the pixel values of the matrix into columns of
pixel values; and for each column in the matrix, quantizing
pixel values of a given column using sigma delta modula-
tion. The pixel values in a given column are preferably
quantized as a whole, thereby minimizing accumulated
quantization error from a starting pixel value in the given
column to a current pixel value in the given column. The
quantized values for each column may be assembled into a
rectangular array and stored as a final image in a non-
transitory computer-readable medium. Alternatively or addi-
tionally, a final image may be reconstructed from the quan-
tized pixel values of the matrix using a decoder, where the
decoder is configured to minimize an image norm during
reconstruction.

In another aspect, a technique is presented for quantizing
pixels of an image using a 2D generalization of Sigma Delta
modulation. The method includes: receiving pixel values for
an image captured by an imager at a sequencing circuit;
segmenting the pixel values of the matrix into one or more
patches of pixel values, where each patch of pixel values is
subset of pixel values from the matrix arranged in a two
dimensional array; and for each patch in the matrix, quan-
tizing the pixel values of a given patch using a two dimen-
sional generalization of sigma delta modulation.

In one embodiment, segmenting the pixel values of the
matrix further includes creating a sequence of pixel values
for a given patch by sequencing pixel values along anti-
diagonals of the two dimensional array starting from an
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upper left corner of the given patch and moving to the lower
right corner of the given patch. The sequence of pixel values
for a given patch are then quantized by summing quantiza-
tion errors associated with at least three pixels neighboring
pixels the given pixel and rounding sum to nearest member
of an alphabet.

Further areas of applicability will become apparent from
the description provided herein. The description and specific
examples in this summary are intended for purposes of
illustration only and are not intended to limit the scope of the
present disclosure.

DRAWINGS

The drawings described herein are for illustrative pur-
poses only of selected embodiments and not all possible
implementations, and are not intended to limit the scope of
the present disclosure.

FIG. 1is a diagram depicting an example imaging system;

FIG. 2 is a graph showing compression rate of D, D? and
D? n exponential functions with various frequencies;

FIG. 3 is a flowchart depicting a technique for quantizing
pixels of an image;

FIG. 4A is a diagram illustrating how to sequence pixel
vales of an image column wise and in series;

FIG. 4B is a diagram illustrating how to sequence pixel
vales of an image column wise and in parallel;

FIG. 5 is a diagram illustrating how to sequence pixel
values from a patch;

FIGS. 6 A-6C are graphs showing a comparison of various
1D signal reconstruction results between the proposed
encoder-decoder pairs and MSQ; and

FIGS. 7A and 7B are graphs showing the reconstruction
result of signals that satisfy minimum separation condition.

Corresponding reference numerals indicate correspond-
ing parts throughout the several views of the drawings.

DETAILED DESCRIPTION

Example embodiments will now be described more fully
with reference to the accompanying drawings.

FIG. 1 depicts an example imaging system 10. The
imaging system 10 is comprised generally of an imager 11,
a sequencing circuit 12, an analog-to-digital converter
(ADC) 13 and a decoder 14. The imager 11 is configured to
capture an image of a scene, where the image is represented
by pixel values arranged in a matrix. In some embodiments,
the imager is further defined as a CCD sensor or CMOS
sensor.

Pixel values for the image are then quantized by the
imaging system 10. The sequencing circuit 12 is configured
to receive the pixel values for image from the imager 11 and
operates to segment and/or sequence the pixel values of the
matrix into columns, rows, or patches as will be further
described below. The analog-to-digital converter 13 is inter-
faced with the sequencing circuit 12 and quantizes the pixel
values, for example using sigma delta modulation. In one
embodiment, the quantized pixel values are assembled into
a rectangular array and the array is stored as a final image in
a non-transitory computer-readable memory. In other
embodiments, the quantized pixel values are optionally
reconstructed before being stored in the non-transitory com-
puter-readable memory. In this case, the decoder 14 is
interfaced with the analog-to-digital converter 13 and recon-
structs a final image from the quantized pixel values. It is
envisioned that other types of signal processing, such as
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4

JPEG compression, contrast adjustment, etc., may be
applied to the quantized pixel values as well.

In one example, the imaging system 10 is implemented as
part of a camera. It is to be understood that only the relevant
components of the imaging system 10 are discussed in
relation to FIG. 1, but that other components may be needed
to control and manage the overall operation of the system.

By way of background, the existing quantization schemes
are first introduced in the context of image quantization. Let

XERMN store the pixel values of a grayscale image. With-

out any ambiguity, the image is referred to as matrix X.
For Memoryless Scalar Quantization (MSQ), suppose the

alphabet A=A 4 is defined as in (1.1), the scalar quantiza-

tion, Q,: R— A quantizes a given scalar by rounding it off
to the nearest element in the alphabet

Qa(z) e 8y -2

The Memoryless Scalar Quantization (MSQ) applies scalar

quantization to each sample of the input sequence indepen-

dently. In terms of image quantization, for a given image X,

MSQ on X means aélantizing each pixel independently
AN 4= Qg™ (0 withg, - Qa (X,

Here q, ;and X, ; are the (i, j)th entry of the quantized and the
original images q and X, respectively.

Sigma delta quantization is an adaptive quantization
scheme proven to be more efficient than MSQ in a variety of
applications. The adaptiveness comes from the fact that it
utilizes quantization errors of previous samples to increase
the accuracy of the current sample. Suppose the sample
sequence is Y=(V,, . . . , ¥,,), the first order ZA quantization

q=0%""(y) is obtained by running the following iterations
g = Qg i+ uin), (1.2)
(Du); - = wi =iy = yi — gi.

One can see from the first equation that one quantizes the i’
input y, by first adding to it the historical errors stored in the
so-called state variable u,_, then applying the scalar quan-
tizaiton to the sum. In the second equation, the D is the
forward finite difference operator/matrix, with 1 s on the
diagonal and -1 s on the sub-diagonal. Hence, the second
equation defines a recurrence relation allowing one to update
the state variable u,. The scheme defined in equation (1.2) is
the so-called first order quantization scheme because it only
uses one step of the historical error, u,_,. More generally, one
can define the r” order XA quantization denoted by q=
Q%" (y) by involving r steps of historical errors, u,_;, u,_,,

U, ,, . . ., U, .. More precisely, each entry q, of q is obtained
by

gi = Qualprtiots ... tiy) + 1),

(D'w);: = yi— gi»

where p, is some general function aggregating the accumu-
lated errors u,_,, . . . u,_,. The r order finite difference
operator is defined via D"u:=D(D"'u).

The main advantage of Sigma Delta quantization over
MSQ is its adaptive usage of the feedback information. The
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feedback information helps the quantizer to efficiently use
the given bits to maximally store information from special
types of signals, such as those with low frequencies. Math-
ematically, these adaptive quantizers achieve high informa-
tion conversion rate through the noise-shaping effect on the
quantization error, which means the errors of such quantiz-
ers are distributed non-uniformly. When inputting the same
random sequence, the error spectrum of MSQ is uniform,
while that of Sigma Delta quantization is (nearly) linear.
This property has the following theoretically explanation.
First, the matrix form of definition (1.2) gives an expression
of the first order Sigma Delta quantization error y—q

y-q=Du|u],=0/2,

where 8 is the quantization step-size in (1.1) and D is the
finite difference matrix. This is saying that y—q€D(B, (&/
2)): the quantization error y—q lies in the £, ball of radius
/2 reshaped by the operator D. In case of the 1 order ZA
quantization (r& Z,), one would similarly have

y-q=D'w =012,

which means the quantization error y—q lies in the £, ball
reshaped by the operator D".

The singular values of D" determine the radii of the
reshaped £, ball containing quantization errors. The sin-
gular vectors of D lie almost aligned with the Fourier basis,
and the singular values of D increases with frequencies.
Therefore, the low-frequency errors corresponding to
smaller singular values of D" would be compressed most.
One can numerically verify this unbalanced error reduction
effect of D" on various sinusoidal frequencies by computing
the ratio

D7,

P = T,

From the plot of p,(w) in FIG. 2, one can see that the low
frequency sinusoids lose more energy after going through D”
especially when the quantization order r is large.

Since Sigma Delta quantization can keep most error away
from the low frequency, it is ideal for quantizing low-
frequency signals. For instance, dense time samples of audio
signals can be deemed as low frequency vectors, and they
have indeed been shown to be a good application of Sigma
Delta quantization. Images, on the other hand, do not consist
of only low frequencies, as sharp edges have pretty slowly
decaying Fourier coefficients. Therefore, it is not obvious
whether applying Sigma Delta quantization to images is
beneficial.

Despite the importance of quantization in image acquisi-
tion, MSQ is still the state-of-the-art quantizer in commer-
cial cameras. The major drawback of MSQ is that when the
bit-depth (i.e., the number of bits used to represent each
pixel) is small, it has a color-banding artifact, i.e., different
colors merge together to cause fake contours and plateaus in
the quantized image. A known technique called dithering
reduces color-banding by randomly perturbing the pixel
values (e.g., adding random noise) before quantization. It
then breaks artificial contour patterns into the less harmful
random noise. However, this random noise is still quite
visible and a more fundamental issue is that dithering only
randomizes the quantization error instead of reducing it. The
same amount of errors still exist in the quantized image and
will manifest themselves in other ways.

Another method to avoid color-banding is digital halfton-
ing, first proposed in the context of binary printing, where
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pixel values are converted to 0 or 1 for printing leading to
a possibly severe color-banding artifact. To mitigate it, the
digital half-toning was proposed based on the ideas of
sequential pixel quantization and error diffusion. Error dif-
fusion means the quantization error of the current pixel will
spread out to its neighbours to compensate for the overall
under/over-shooting. The decay of energy during spreading

is set to empirical values that minimizes the overall £,
quantization error of an entire image class. Frror diffusion
works under a similar assumption as the Sigma Delta
quantization that the image intensity is varying slowly and
smoothly. In a sense, it trades color-richness with spatial
resolution. As dithering, error fusion does not reduce the
overall noise but only redistributes it.

From this discussion, one sees that both dithering and
digital halftoning are only redistributing the quantization
error instead of compressing it. In contrast, this disclosure
introduces an improved technique for quantizing pixels of an
image. Explicitly, suppose N is the total number of pixels
and s is the number of pixels representing curve disconti-
nuity (e.g., edges) in the image, the proposed technique
reduces the quantization error from O(N) to O(Ys). This is
achieved by combining Sigma Delta quantization with an
optimization based reconstruction. It was observed in the
numerical experiment that both the low and high frequency
errors are reduced.

FIG. 3 illustrates one embodiment for quantizing pixels of
an image in accordance wih this disclosure. As a starting
point, an image of a scene is captured at 31 by an imager or
imaging device. The image is represented by pixel values
arranged in a matrix.

When using a r” order Sigma Delta quantization scheme
on a 2D image X, pixel values of the image X need to be
converted into sequences as indicated at 32. One way to do
this is applying Sigma Delta quantization independently to
each column of the image,

g=02"(X), g=lqi.... , qv], q; =037 (X)), j=1,... ,N.

where X, is the i column of X. In other words, the pixel
values for each column are quantized as a whole, thereby
minimizing accumulated quantization error from a starting
pixel value to the currently quantized pixel value in a given
column of the image. In one example, the pixel values from
the columns of the image are quantized in series (i.e., one
column at a time) as shown in FIG. 4A. In another example,
the pixel values from the columns of the image are quantized
in parallel as shown in FIG. 4B. As opposed to column wise,
it is readily understood that pixel values of the image could
alternatively be quantized row wise. In other words, the
pixel values from a subset of pixels are grouped together and
then quantized, where the pixels in the subset of pixels are
neighbors to each other in the matrix.

With continued reference to FIG. 3, the sequence of pixel
values is then quantized at 33 using Sigma Delta modula-
tion. In a first embodiment, 1D Sigma Delta quantization is
applied to each column of the image. A key question one
may ask is the practicality of the proposed adaptive quan-
tizers on commercial cameras. A natural concern is the
waiting time. Unlike MSQ that quantizes each pixel in
parallel, Sigma Delta quantization can only be performed
sequentially, which seems to inevitably introduce extra
waiting time. However, this is not the case because current
cameras are already using sequential quantization architec-
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tures for consistency, energy and size considerations. More
specifically, in current cameras, to reduce the number of
ADC (Analog to Digital Converters) and save energy, the
whole image or a column of pixels are assigned to one ADC,
which means these pixels need to wait in a queue to be
quantized anyway. Thus, to implement the proposed tech-
nique, an additional memory unit is added to the circuit of
a camera.

Quantized values of the image are assembled into a
rectangular array at 35 and stored as a final image in a
non-transitory computer-readable medium. In some embodi-
ments, the quantized values of the image may optionally be
decoded at 34 using a decoder. The decoder is configured to
minmize an image norm (e.g., total variation norm) as will
be further described below.

Although one can apply 1D ZA quantization column by
column to an image, it is likely to create discontinuities
across columns. As images are two-dimensional arrays, a
two-dimensional quantization scheme seems more helptul in
maintaining continuity along both rows and columns. For a
second embodiment, this discloure proposes a 2D Sigma
Delta quantization which can be applied to one or more
patches of an image.

In a nutshell, the key property that defined the first order

1D Sigma Delta quantization map QZA'I: RY Sy—»>qeAY
(A is the alphabet) is that there exists a vector u=R %, the
state variable, such that q and u obey

(A1) (boundedness/stability): ||[u||..<C, for some constant

(A2) (adaptivity): u~u,_,+y,—-q,, Vi where u,, y,, q, being
the ith component of the vectors u, X and q, respec-
tively;

(A3) (causality): q only depends on the history of x, that
is =f(Vs Yi_1s - - - » ¥y), for any i and some function
f

This scheme is extended to two dimensions as described

below. The quantization map in 2D is defined as Q%zp:
RM™ 3y—=>qe A M, the auxiliary variable us R and
the properties (A1)-(A3) can be changed to
(A1 [0/lrx=C ([|l;orc denotes the entry-wise maximum
of a matrix)
(A2):u, =u, ,_ +u,_, —u,_, . +y, —q, which has a matrix
representation DuD?=y-q, and
(A3Y): qu:‘f({Yi’,j’}i’si,j’sj)'
Provided that the quantization alphabet is large enough, one
can show that the u and q that satisfy (Al')-(A3') can be
constructed through the recursive updates

9i~ Qfﬂ(”i,‘fﬁ'“ii1;—”1-71;71*')’1-,-), 2.1

Uy =Uy gty Uiy 1Y

Note that the first row and column are initialized exactly the
same as the 1D 1% order sigma delta quantization. With a
1-bit alphabet, there might not exist a pair of u and q obeying
(A1)-(A3). With a two or more bit alphabet, the following
proposition ensures the existence of a stable 2D Sigma Delta
quantization.

Proposition 2.1—For a given 2D array yE[a, b]™- and bit
depth d=2, there exists an alphabet A such that u and q
generated by (2.1) satisfies (A1")-(A3") with

b-a

207 -3)
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Proof for this propositon is as follows. Without loss of
generality, assume for all 1sij<N, a<y, <b, with some
constant a<b. Let

b-a

2024 - 3)°

create the alphabet as
A={a-2Caa+2C, . .., b,b+2C}.
Then

b+2C—(a-20)
_ +

1=24.
2C

Al =

Next, use the second principle of induction to show that u
generated by (2.1) satisfies |ju||..=C.
Induction hypothesis: if for all the pairs (m, n) such that
msi, n<j, m+n<i+j, lu,, ,I<C, then Iy, ;I=C.
Base case: |u, ,I1=ly, ,—-q, =1y, ;- Qu (¥, )I=C.
Induction step: if i=1, q, ;=@ (y,+1,,_,), by induction
hypothesis a-Csy, +u,,; ,<b+C, thus Iu, |=ly, +u,; -
q, ;/=C. The same reasoning follows when j=1.
If 1,j=2, by induction hypothesis a-3C<y, +u, , ,+u,_, ;-
u,_, ;. ,=b+3C, we also have Iy, |=ly, +u, ;. +u, | —
ui_lJ_l—quIsC.

1/~ o
Next, we show that the stability constant

b-a

2024 -3)’

corresponding to the uniform alphabet
A={a-2C,a,a+2C, . . ., b,b+2C}

used in the above proposition is optimal. Thus, it has been
shown that for each patch of pixels comprising an image,
pixel values of a given patch can be quantized using a two
dimensional generalization of sigme delta modulation.

Different techniques for sequencing pixels for two dimen-
sional sigma delta quantization are contemplated by this
disclosure. One example for sequencing pixels is illustrated
in FIG. 5. In this example, a sequence of pixel values is
created by sequencing pixel values along antidiagonal of the
matrix starting from an upper left corner of the given patch
and moving to the lower right corner of the given patch.
Within each antidiagonal, the sequence may go from lower
left to upper right as seen in FIG. 5. That is, the sequence of
pixel values is P11, P21, P12, P31, P22, P13, P32, P23 and
P33. Alternatively, within each antidiagonal, the sequence
may go from upper right to lower left. That is, the sequence
of pixel values is P11, P12, P21, P13, P22, P31, P23, P32
and P33. In either case, the sequence of pixels may be
quantized in series by an ADC as seen in FIG. 5. In other
embodiments, pixels along each antidiagonal can be quan-
tized in parallel. It is also envisioned that pixels may be
sequenced and quantized along diagonals of the matrix as
well. These seqeuncing techniques are applied to each patch
from the image.

Proposition 2.2—For fixed bit depth d=2, the alphabet
A for 2D ZA quantization given in Proposition 2.1 is
optimal, in the sense that let C be the stability constant of
any other d-bit alphabet A (not necessarily equal-spaced),
then it is necessary that C<C. To prove by contradiction,
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assume there exists a d-bit alphabet A whose stability
constant is smaller, i.e., C<C. Let the alphabet A be c,<
c,< . . . <c,, with N=27. Assume ¢,< . . . <¢;<asC,, < . . .
<c;=b<c;,,< ... <Cy, note that there is no restriction on the
range of alphabet, that is, it is possible that asc, or bzc,.
Also, denote the largest interval length in the alphabet within
[a, b] as 2=max {21, b-c,} and 2I=max{c,,~cC.,, - - - ,
¢,~c,_,}. The case d=3 is easier than d=2, so first prove the
case d=3.

For d=3, start by proving that there are at least two
elements in the alphabet that are within [a, b] so I is well
defined. Notice that

b-a
Z(Zd 3)

b—a
10 °

if there is zero or only one €y between a, b, i.e., a= Cp =b,
then one can choose asy, ;=b properly such that

[y = Qalyr)l =

which leads to a contradiction.

Next, consider the following cases. In this first case, a<c,
or b=c,. Under this assumption one of the following two
cases must hold: 1) a=c, and ¢, -azb-c,, or 2) b—c,>c,-a. A
closer look indicates that these two cases are exactly the
same upon exchanging the roles of a and b hence they share
the same proof. Without loss of generality, assume case 1
hold: a=c, and c,-a=b-c,. Next, specify the following
sub-cases:

(a) cy=b, let [Cp, Cpi1] be the largest interval in A for

some ¥ ,i.e., Cpsq-Cp=21. Choose

Co+Cpiy

yu = —€ Y12 =Y21 =Cr+2€

with small enough € such as 107'° (C-C) and y, ,=a, this
leads to u, ;=I-€, u, ,=u, ;=I+¢, then q2,2:QA(y2,2+u1,2+
u, -1, )=Q (a-3I+3¢), the quantization error

[er2,2] = 1y22 + w12 + 1z —t11 — g2l =
|Qaa=31+3e)—(a-31+3e)|=c;—a+31-3e=
3 ey-—c 3 b-a-2c —-a)
cl—a+2 e 1—35>cl—a+5 —-T 3e=
3(b-a) b- N
-3z -3e=C-3e>C.
2024 - 1) 2(24 - 3)

The second inequality used the assumption c¢,-azb-c,, the
third one used c¢,-a=0 and d=3. Then this contradicts the
assumption ||u||,mx<é
(b) c,>b and ¢, ,-c,<3(b-c)). If 2[=max{2L,b-c,}=b-c,
let

Cir1 +

y1,1=0j+7—6,y1,2=y2,1 —T+2=<b
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with sufficiently small € as in (a) and y, ,=a, then

ciy1—¢

’41,1=7—E,I41,2=M2,1=— I re<-T+e

If 2Tf21, one can choose y, ;,y, »,¥,, as in (a) such that
u, ,=I-€, u, ;=u, ;=-I+e. In both cases, let y,,=a, have

Yoo+l 5, -0, =a-31+3e<c, 92,2 Q4(Y2 o+ H+U,
u, )=c,, the quantization error at Qs 18

[er2,2] = ley = (a2 +uyp +upy —uag 1)l

zc—a+3]-3¢

3 b—(,‘l

>cl—a+2 - 1—35

- +3 b-a-(c—a) 3
c-aty ——g o 3¢
3(b-a)

22— -3

oo ¢
b-a

Z(Zd 3)

=C-3e>C.

This leads to a contradiction.

(¢) cp>b and ¢;,,—¢;23(b—c)). If one choose
b+c;
Y1 = 5~

with some small € and y, ,=b, then

i 3
Wy =— ! e = E(b—cj)—sﬁc

Since it holds for arbitrary small €, it must have b—stz/sc.
This gives b-%4C=csb and

bo2t
P et B
TTo1 T T 22

where the last inequality is due to the assumption c,>b so
that j=sN-1. Same as in (a), one can choose y, ;, ¥, 5, Y2,
properly and y,,=a, such that u, ;=I-€, u, ,=u, ,=-I+€,
provided that e is small enough. Then the quantization error
at q, ,=Q(a-3I+3&)=c, is

|t o] = 1Qala—31+3e) - (a—31+3¢)]
=c—a+31-3¢
3 b——C‘—cl
>Cl‘“z'W_3E
b b-
>c—a+§. - 3(2d 3) (Cl_a)—?;e
= 2 242
b b-a
O

24 -2
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-continued
b-a
Z(Zd )

=C-3e>C.

This also leads to a contradiction.

In the next case, a>c, and b<c,. If a>c, and b<c,, ;, then
one can easily choose a proper asy, ;=b with quantization
error at least

b-a >
207 =C>C,

max{2/, cjy; —a, b—cj} = —744—1)

which leads to contradiction. Therefore, without loss of
generality, assume c;<asc, and c,_,zb-c,,_;, similar as
above, specify the following sub-cases:
(d) cy_y=b. For arbitrary constant a-3I<E<c,, one can
choose y, .y, 5,¥2,:¥2, properly such that E=y, .+
Uy o+, Uy . I asE<e,, set y1 1Y) Y5, 17Cos Y2078,
then uy,=u, =0, =0,  y,o+u ptuy -uy B IF
a-31<E<a, denote

then O<w<lI. Let [ C¢, Cp41 ] be the largest interval in A for

some {,ie., Cope1-Cp =21. Choosey, ,=C¢ +W,y, ,=y,,=
Coy1—2W, ¥, ,=a, then u, =W, u, ,=u, ,=w, one has y, ,+
u, ,+u, ,-u, ;=a-3w=E. Hence whatever c, is, we can
always obtain the quantization error

1
P €-04(®) = 3c2 = (@=30)
1
:g(cz—a)+1
>l(c —a)+l Cy-1 —C2
=3 24 _3
1 1 b-a-2(c-a)
=3Oty
. b-a +(1 1 ]
230i-3 T3 wg)e
- b-a
2024 -3)
=C>C.

This leads to a contradiction.

(e) cy_>b and c¢;,,—c¥5(b-c;). Similar as in (d), first
show that one can choose between y, ;,y, 5,¥2.1,¥2.5
properly to make y, ,+u, ,+u, ;-U, ; arbitrary constant
between a-31 and c,. If 2I=21, it follows the same
reasoning as in (d), here we discuss the case when
2T:b—cj. If asE<c,, let y, ;7Y 57Y2,1=Cp Y275, then
VaotUy 5+0,,-U, =8, If a-3I<g<a, denote w=a-§,
then 0<w<3I, we specify the following sub-cases: i) if
O<wsl, let Y11I=CAWY, 7Y, 7C~W, ¥,,=a, then
Uy =W, Uy 575, 0 Yoty oz~ =a-w=E; ii) if
T<w=2l, let V1,1 =CAwW= I Y1,27C1~Ws Y2, =C—(W— 1)
and y, ,=a, then U, ;=w- -1, Uy ,= —I u, =0, y22+u1 2t
u, -1, ;=a-w=E, 111) if 2I<w<al, let V1,1 =C AW 21
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Vi27Y217C;, -w+l and y,,=a, then u, ,=w-2I,
u, =, =, y2,2+u1,2+u2,1—u1,1:a—W:§.

Therefore, whatever ¢, is, the worst case quantization
error can reach

1 .
max g = 04(6) = 3{e2—(a=31))

a-3l<¢<cy
_1 i
= §(Cz—a)+
1 1 b-cy
> = —_ [ —
_3(02 a)+2 73

1 b a—(c; —a)

1
2—(cz—a)+ 73

_ b-a (1 1
=537 -3) +(§ - 2(2d—3)](02 -9

b-a
[
224 - 3)

=C>C.

This leads to a contradiction.
(D cy_1>b and c,,;—c>¥5(b-c)), similar as (c), one has
j=N-=2 and b-c;=%C, then

1
[§=Qa@)l = 5(02 —(a-3D)

max
a-3l<é<cy
1
:g(cz—a)+1
4.
1 b—gC—cz
=3l ary iy
2b-a)
21(02_61)_‘___ —a- 33 —(cz—a)
3 2 24 -4
= boa +(l— ! )(cz—a)
2(24-3) \3 2(24-4)
b-a
2(24 3)
=C>C.

There also leads to a contradiction.

For the case d=2, there are only 4 elements in the alphabet
A=lc,, c,, ¢, ¢, } with ¢,<c,<c,<c,. Consider the case a=c,
or b=c,, if there are at least two elements in A that are within
[a, b], the proof follows the same reasoning as d=3, which
has been discussed in (a)-(c). Here we discuss the case that
a=c, and there is only one element in the A that is within [a,
b], i.e., asc,=b<c,<c,<c,. In this case, let

ci+b
Y1 = 5 Y2 =Y2,1 =22 =4,
-0
then u;; = - uip=uy =a—cy,
b-c b—cy
,422=a+2(a—c1)———QA(a+2(a—cl)— )=
’ 2 2
9 b—cl<a—cl b—cl_ c
e

hence i) 5| = =

which leads to a contradiction.
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Next, the two remaining cases are discussed when both
a>c;, and b<c, hold: c <asc,sb<cy<c, and

¢,<a=c,<cy=b<c,, which corresponds to two cases that there
are 1 or 2 elements in the alphabet between a and b,
respectively.

For ¢,<a=c,<c;=b<c,, without loss of generality, assume
¢, +c;=zb+a. Note that one must have ¢,—c,<b-a since

combining these two inequalities get c,+c;>2a, then
a<l4(c,+c;)<b. Choose some small € and the first 3x3
entries of y as

1
5(03 +cy)—€ [ ¢+ 2¢
1
y= c2 c2 5(61+C3)
1
cr +2e z(cl +c3) a

Provided that € is small enough, one can check that the first
3x3 entries in u are as follows

1
slcz—ca)—€

1
s(c3—ca)—€ 2

1
2 —5(03—02)4'5

1 1 1
5(03—02)—E 5(03—02)—E —5(02—01)4'E

1 1 1
—5(03—cz)+5 —z(cz—cl)+5 a_5(03+62)+35

By assumption, one has c,+c,=b+a, then for small enough €,
b-a -
|I43,3|2—2 -3e=C-3¢>C,

this leads to a contradiction.
For ¢, <a=c,<b=c;<c,, specify the following two cases:

®

notice that ¢,—¢,<b-a, so ¢, +c,>2a, one can choose y, ;=¢,,
V1,572, =72(c; +¢,)+E for sufficiently small € and y, ,=a,
then uu:O, ul,zwz,lz—l/z(cz—clﬁe and QA(y2,2+ul,2+
u2,1_u1,1):QA(a_(Cz_C1)+2€):C1 and

|y22 +u12 +uzy —u) — Qalyaz +u2 +uz) —uy)l =

b-a .
cr—a-2e= T—ZE>C,

which leads to a contradiction.
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(i)

b+a
cr < ,
L)

also notice that c;—c,<b-a, then one can choose y as follows
with some small €,

1 1
i(b”Z)_E 2 cz+§(03—b)+25

1
[ c2 E(CI +c3)

1 1
cz+§(03—b)+25 z(cl+03) a

Provided that € is small enough, the corresponding u is

%(b—cz)—e %(b—cz)—e —%(03—02)+5
1 1 1
U= E(b_CZ)_E E(b_CZ)_E —5(02—01)4'5
1 1 e +b
—5(03—02)+5 —z(cz—cl)+5 - +a+3 -

Since c,=za, then

_cz+b 3 >b—a s &
|M3,3|—T—a— €z ——-3¢>C,

which leads to a contradiction.

The quanitzation time of 2D scheme (2.1) is O(N).
Because for a fixed t €{2,3, .. ., 2N}, all u, , with i+j=t (the
points on an anti-diagonal) can be computed in parallel. The
matrix representation of (2.1) is

y-q=DuD™.
It is easy to extend the first order quantization to high orders.
If r=1, the r-th order quantization obey the matrix form
recursive formula

y=q=D'u(D"T.

Throughout, it has been assumed that the image X to be
quantized and reconstructed is a NxN matrix (the derivation
for rectangle matrices are similar), X=(X,X,, . . . , Xx)=(X},
X,, . . ., Xp)" is the column-wise and row-wise decompo-
sition of X, D is the NxN difference matrix with 1 s on the
diagonal and -1 s on the sub-diagonal and D, is the circulant
difference matrix with an extra —1 on the upper right corner.

Denote |||, as the entry-wise £ ,-norm, and ||-||., refers to the

entry-wise £ _-norm. Also, ¥, denotes the discrete Fourier
transform operator with frequency k, F is the NxN DFT
matrix. Let F; contain rows of F with frequencies within {L,
-L+1,..., L}, and P,=F,*F,.

A general assumption is that the images satisfy some
sparsity property in its gradients. To be more precise,
consider three classes of images each satisfy one of the
following three assumptions.

Assumption 2.1 (B? order sparsity condition) Suppose

XERMN s an image, the columns or rows of X are
piece-wise constant or piece-wise linear. Explicitly, the
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cardinality of 1° order or 2"¢ order differences in each
column or row is smaller than the number of pixels: for p=1
or 2, fix s<N,
D" adloss, ¥i=1.2, . . .,
N.

ser - w e

N, or \b_chDﬁHoss,Vj:

If p=1, the columns or rows of image X is piece-wise
constant, if f=2, they are piece-wise linear.

Assumption 2.2—Both columns and rows in X are piece-
wise constant or piece-wise linear. Explicitly, for p=1 or 2,
fix s<2N?,

IDF XY HIXDPfoss.

Assumption 2.3—-(f” order minimum separation condi-
tion) X satisfies Assumption 2.1. In addition, the f* order
differences of X in each column or row satisfy the A ,-mini-
mum separation condition defined below for some small
constant M<<N. Explicitly, this means for =1 or 2,
_____ ~or {X (D"} 15 . ysatisfy A,-mini-
mum separation condition, note that here D, is the circulant
difference matrix.

Definition 2.1 (A,,minimum)—For a vector x€R#, let
SC {1,2, ..., N} be its support set, say that it satisfies
A, minimum separation condition if

1

. , 2 (2.2)
min s—s| = —,
ssersts N M

where || is the wrap-around distance. Use the definition C(T,
A, as the space of trigonometric polynomials of degree M
onset T, ie.,

C(LA)={FECT(1):F () =Zpe 22>
The proposed decoders and their error bounds.

Let Q be encoder Q,,; or Q,, which will be specified in
each case, and X be the image. The proposed decoders for
images satisfying different assumptions can be unified in the
following framework

X=arg min, f(Z,p)st. p(Zr)=c. (2.3)

Here P is 1 or 2 depending on whether the image is assumed
to be piece-wise constant or piece-wise linear, f(Z,p) is
some loss function that encourages sparsity in the gradient
under various assumptions, r is the order of Sigma Delta
quantization, and p(Z,r)=c is the feasibility constraint deter-
mined by the quantization scheme. Under this framework,
let X be a solution of (2.3), one can obtain reconstruction
error bounds of the following type
IE-Xlle=C(B,5N, 8),
where N is the size of the image, and § is the alphabet
step-size.

Now specify the explicit form of the optimization frame-

work and error bound for each class of images.

Class 1: X satisfies Assumption 2.1 with order =1 or 2
and sparsity s, the encoder is r” order (r=f) Q,.,, with
an alphabet step-size 9, use the following optimization
for reconstruction with

K=arg min|(D°)Z)| st D7 (Z- 0, osX0)]5872.

(2.4)

(2.5)
Theorem 3.1 shows that the reconstruction error is
[£-X]|=CVsNb.
Class 2: X satisfies Assumption 2.2 with order p=1 and

sparsity s, the encoder is Q, ,, with alphabet step-size 9,
use the following optimization

Karg minID7Z) +|ZD) st |D ™ (Z-Qop (XD =872, (2.6)
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Theorem 3.3 shows that the reconstruction error is bounded
by

| 8=Xlp=CVs0.

Class 3: X satisfies Assumption 2.3 with order p=1 or 2
and sparsity s«N, the encoder is 1 order Sigma Delta
quantization applied to each column: Q__, with alphabet
spacing 8, r=f. Here we define a new alphabet A with
smaller step-size

L2

to quantize the last r entries in each column:

A:={a,a+d,a+25 . . . ,a+Kd b} K=max{j a+jo<b}.

The total number of boundary bits is of order O(log N),
which is negligible comparing to the O(N) bits needed for
the interior pixels. Hence the following feasibility contraint
holds:

1 r
107X = Qe = 7] 0

Then we use the following optimization to obtain the
reconstructed image X:

% = agymin Y7, e

)

D77~ Qe = 5,

subject to Ly
[ptcaeae M

Here D™ (Z-Q_,,(X))x—,-n-, . refers to the last r rows of D™
(Z-Q.,£X)). The error bound is

+5-2

" M
X -x]||, = C—9

In MSQ, the quantization error for each pixel is /2. Since
the pixels are quantized independently, the total quantization
error of the NxN image in Frobenius norm is No6/2. Simi-
larly, when using ZA quantizers (Q,,; or Q, ) and decoding
with the following naive decoder,

XFindZst 1D (Z- 0.0 (0)=0/2,

the worse-case error is again O(NJ). This indicates that the
TV norm penalty in the proposed decoders (2.5), (2.7) or
(2.6) are playing a key role in reducing the error to O(VsN®)
and O(Vsd), respectively.

First, consider images with no minimum separation (Class
1), where the image X satisfies Assumption 2.1 and the
encoder is Q_,; column by column quantization. With this
encoder, the decoder (2.5) can be decoupled into columns,
with the reconstructions done in parallel.

For each column xER? let g be its " order Sigma Delta
quantization, i.e., =Q®*"(x), r=f,p=1,2. Then the decoder
(2.5) reduces to

f=arg min,||(DP)%z|subject to|| D" (z-q)||..=d/2. 3.1
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Here D is the finite difference matrix and 9 is the quantiza-
tion step-size. Therefore (DP)7 z represents the 1% order or

274 order discrete derivatives in z. The £ -norm is used to
promote the sparsity of the derivatives corresponding to
edges. The ball-constraint was a well known feasibility
constraint for Sigma Delta quantization.

The following theorem provides the error bound of this
decoder.

Theorem 3.1—For first order or second order Sigma Delta
quantization, i.e., p=1 or 2, r=p, assume the support of
(DPY’x has cardinality s, and % is a solution to (3.1), then

|e—x],=CV58. (3.2)

Remark 3.2—The above error bound is for each column.
Putting the error of all columns together as X, one has

=Xl V5N,

Denote h=(DF)?(k-x), assume the support set of (DF)’x is
S with cardinality s, the complement set of S is S°. Since x
is a solution to (3.1), one has

DR Al = (P x4l 2 (DPY ol =l + sl

which gives |Jh|,=|hc||,, one can bound the £ ,-norm of the
misfit h as

Wlly =Nl i HFesel =2 el 2P+,
where the last inequality is due to

1, =1DP) T3, HIDP) DD (80) 2P0
Then the following properties hold

IDF) T #=20)ll=2P* 158, ID~P(f-0) |, =1 D7 P
D7 (£-x)| =27 5.

Note that the inequalities above are bounded in ¢ ,-norm and

£ norm, which are dual to each other, one can therefore
bound the reconstruction error |X—x]|, using

{#-x8-x) ={ (DY (5-), D B(-x)) <2252,

This is equivalent to saying, we have |[k—x||,<CVsd.

Second, consider Class 2, where the image X satisfies
Assumption 2.2 and the encoder is Q,,. For simplicity,
assume the patch number is 1 (there is only one patch
identical to the original image). Results for larger patch
numbers are similar. The following theorem establishes the
error bound for 2D reconstruction of X from its quantization
Qu(X) using (2.6).

Theorem 3.3 If the original matrix X satisfies Assumption
2.2, let X be a solution to (2.6), then

IR=X||p=CVs0. (3.3)
Denote H,=D¥(X-X), H,=(X-X)D, S, and S, are the sup-
port sets of D“X and XD respectively, the corresponding
complement sets are S ;< and S, respectively. By assump-
tion, 1S,1+ISzl=ss. Also notice that

D7) +HIXDl| 2| D& +HIZDH = DR | +HIXD+

HzHIEHDT)(HI_H(HI)SAH1+H(H1)SACH1+W(DH1_
H(Hz)sBHﬁ'H(Hz)sBcHl
which ||(H1)SAC||1+||(H2)SBC”IS”(HI)SAHI+||(H2)SB||15

hence

gives

HH1H1+H2H152(“(H1)SAH1+H(H2)SBH1)SC56-

Here the last inequality is due to ||H,||..=[D"D(D™'(X-X)
D™ HD7|..<83, similarly, ||H,||..<83. Then one has the fol-
lowing constraints:

IDF -0l Cs, D™ (8=2)|528.
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Similar to the proof of Theorem 3.1, the inequalities above
lead to

I = ], = {D7(% - x). D78 - ) = €5,

then (3.3) also holds.

Third, consider reconstruction of images with minimum
separation condition (Class 3), where the image X satisfies
Assumption 2.3. Same as in Class 1, use Q,,; (column by
column quantization) for encoding.

Forx€R¥ q=Q¥F(x), f=1 or 2, r=p, denote v as the last
r rows of D™ (x-q), then (2.7) reduces to

& = argming || DYz, stID 7@ - )l = 6/2, (E

1 r
e A P

There are two differences between this decoder and that for
Class 1: 1) here D, is the circulant difference matrix instead
of the forward difference matrix. This is to ensure that the
separation condition is satisfied at the boundary; and 2) in
order for the extra separation assumption to improve the
error bound over Class 1, one needs to use a few more bits
to encode the boundary pixels. The total number of bound-
ary bits is of order O(log N), which is negligible comparing
to the O(N) bits needed for the interior pixels.

Theorem 3.4 For high order 2A quantization, i.e., r=2,
assume D, Px satisfies A,,-minimization separation condi-
tion, and X is a solution to (3.4), then for arbitrary resolution
L=N/2, the following error bound holds:

12 (3.5)
1PLG -2l < cmM”ﬁ*Za.

Here P, is the projection onto the low frequency domain
with bandwidth L, i.e., P,=F,"F, with F, being the first L
rows of DFT matrix.

Again, since the image X is sliced into columns and
reconstructed individually, if X satisfies Assumption 2.3, let
X be the reconstructed image concatenated from individual
columns which are solutions to (3.4), the infinity norm error
bound for decoder (2.7) is then

2
P X = 22,

note that ||| is the element-wise £ ., norm. Substitute L with
N/2, obtain

+5-2
é.

~ M
I - xil, = 22

Consider using decoder (3.4) only when the gradients of
each column satisfies minimum separation condition, i.e.,
for all i=1,2, . . ., N, D,Px,€R" satisfies minimum sepa-
ration condition with some small constant M«N. In this case,
the worst case £ _-norm error bound for arbitrary resolution
approximates 0 when r—co.
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In order to prove Theorem 3.4, super-resolution analysis
is performed within the Sigma Delta reconstructions and
adjust the analysis to fit in a discrete setting. First, one needs
the following lemma.

Lemma 3.7—For feasible X=R* which satisfies the con-
straints in (3.4), the following inequality holds:

| P 1eD (P (-0)]lo (MNY VN,

Recall that for z=RY, discrete Fourier transform

Nl o kn
Fiz= Z [

n=0

For nonzero frequency k=0, denote

o=
5
1-e 7N
then one has
= ik —ionk, 1
FiDiz = Di2),e N =1 - N |Frz=a 'Frz. Also,
n
=0
1 (2 —ian k2 oG —iarkd
FiD 'z = sze‘ N = znZe‘ N =
=0 ‘=0 =0 I
1 N1

o kn
el .
———— > ale W — 1) =eFiz- e 0y .
1 — ¢ 2N n=0

Similarly,

T;,D’zz:a .7:'KD’lz—a(D’zz)N,l:412.‘]:';Cz—a2
O Dy -a@ 22y, F iD72=a* F iz
(D D)y~ D 2)y—a(D D)y

More generally, for =1 or 2, r=2,

FaD =" Faz -’ (D Dy — D)y — o — (D Dy,

=B Dl - (D Dy — D )y — o — DDy

—(r+B)

Multiplying a on both sides and rearranging the terms

gives,

Y kATHR kNP
7D = (1 - e"Z"'N) FuD 7+ (1 —e"Z”N) (D' +

+r—

(1 - g*i2n7,\(7)ﬁ+l(D*22)N71 R (1 - eim%’)ﬁ 1([)42)/\/71-

Note that for k=0, F ,D,Pz=%, ;~(D,Pz),=0. Then the
equation above holds for all zERY and integer k with
0<lk|=N/2, denote A€ C*M*12¥+1 a5 the diagonal matrix
with diagonal entries being

Ak
l—e™N, -M<k=M,
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obtain the matrix form of the equations above
FoD Pr=A"PF, D724 AB(D'2) | 1+AP
(D22 i1+ . . . +AP Y D7), (1=APF,,
D7z43g0 AP D)

Recall that F,, contains the rows of DFT matrix with
frequency within {-L, -L+1, . . ., L}. Multiplying

1F*
N M

on both sides of and replace z with z=x-x, it gives

PyD{G-x =

1 . 1 o
ﬁF,*[,,A”'BFMD”(x—x)+Z ﬁF,*V,Aﬁ*" DG =2y,
=1

Note that

ik [ M 1 ¢ LMy
|1—e N|=<2r— < 27—, hence |[— Fy A 5—(—),
N N N YN N

2

the following error bound in £, norm holds

[|Pu DY -2,

>

=1

1
= || o -0, +
N >

1

M\ THB
SFu A VDT G-yl = () VN o+
N 2 N

r

Z (%)/ﬂ(’—i .zr(%)rd - (%)Hﬁ\/ﬁ&

=1

Therefore the low frequency error P,,D, P(X—x) decreases
with the ZA quantization order r. Denote h=D,P(X-x), divide
h into two parts based on whether the location of each entry
is within a neighbor of some support of D, Px.

For simplicity of proof, one can view the vectors x,Xx,h&
R¥ as signals on [0,1] sampled at grid t,=n/N,n=0,1, . . .
N-1. For D, Px satisfying A,,-minimum separation condition
with support set S={E,,E,, . . ., E.}C[0,1], define

Sadf)={x€[0,1]: - l=0.16M 71}, j=1.2, .. ., s,

and
Sar=U=1"Sad():52=10,11\S.

Then the following lemma holds.

Lemma 3.8 If D,Px satisfying A,,minimum separation
condition, with definitions above, there exists a constant
C>0 such that the following hold

2, ey Vin SCYNIP

5%, c5, 0 alltn=s, PSCM VNP .
Denote the restriction of h to a set S as P¢h, and Psh(E )=
IPsh(E)le’?, j=1,2, . . ., s. By Lemma 6.1, take v=e'¥,
=1,2 ... s, there exists F()=2,__,, c,&”™ defined in [0,1]
and constant C,, C, such that

(3.6)

(3.7

Fy=eYi=12. . .5 (3-8)
If ()|=1-C M (1-)) 1€S,4)), (3.9)
IF()I<1-Co 1E5,F. (3.10)
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Denote f,=f(t,) where t,=n/N, n=0,1, . . . , N-1, then

IE

thes

D Tl

thes

<[5 7

H 2 T+, XL Tk
n=0 tneSky 1nESpr (s}
10
N-1
DL P +1=C) D Ul +
n=0 nesfy
DL D, U-aMG =gl
T Sy
N -
Z Ol =C2 D Ml =
n=0 1,E8¢ neSfy
amy S =gl 20
neSy )
Rearrange the inequality, one obtains
25
Co Y Il +CiM?Y Y (=€ Il = (1D
messy J €Sy ()
R 30
Z Fuba + > el = " Iy,
n=0 eS¢ thes
Note that |Z,_ ' h |=I<fh>I=I<f,P, h>I<||f|||[P,hll,=<
VN||P, |, also note that % is a solution of (3.4), so »
DBl = D8], = o+l = 3 1(DF), [ = 3l + 3 Wl
mes mes 1,€8¢
40
then
Dl =3 Il <0.
1,€8¢ Res
45
then (3.11) becomes
o sl WO R s, (6,5 Vo | SVUNPagh] .
From this inequality we can derive (3.6) and (3.7). 50
Next, bound [[K*D,*(X—x)||., for arbitrary kernel K with
period 1.
For arbitrary
55
1 N-1
oe{o g N }
60
K =12, Kot < 1ZE, a5, /K Fo=t,)
B HKZ, sy el (3.12)
On the interval S,,(j), approximate K(x,-t,) with its first-
order Taylor expansion around x,-§;:
65

K(xo=1,)"K(x=E)+K (v~} (E;~1,)+
12K (1,)11,-§; \2x\SM(/),

22
with some p,, €S,,(j) depending on x,,s;, x. Inserting this in
to (3.12), one obtains

Kehxoll =Y > (Klxo=&) = K'(o = &))(t, = &0, +

7 mESy )
K oD Dt = £l + 1K, Y 1Al

Jomesy nesy

To bound the first term on the right hand side, use an
mterpolatlon argument. Let a,b€C® such that a 1=K (X,-E)),

b=-K'(x,~§,) and by Proposition 2.4 in [15], there exists a
function J“EC([O,I], A,y such that

[51leo S 1Kl oo+~ IHKNW If(0)-a,-b,(x-5) I S(MP|K] .+
MUK ) 1582 €Sy (7).

which gives

DD (Ko —£) - K (o =€)t — €| <

J eSSy ()

D DL (i) = Ko = £+ K (o = €)Mt — €0 +

JomeSy ()

MK, + MIK L)Y

J eSSy ()

D Jubn

theSy

N-1
Dbl D b
n=0

¢
=7

=

=& lhal +

Also, obtain

12, syl S (Kot MK )E, csypel 2]
B P <L Ps = (K0 K0
VNPl

Combining these results, one obtains
\K*h(xo)\<(2H1ﬂ MK )2, ol I o+
MK o) M\PMth+(M2\KHW+M\K1\®+HK”HW

=0, l2,~&, 1P, | S (K] MK ot
MRAO N Bl

Next, for arbitrary resolution L., denote

(3.13)

then by direct calculation one obtains

Nl
PLGi—x)=Kp#(k— x)+—2(x 0,1,

I1PLGE = %) = K+ & = x)ll

Nr

Here the last equation is due to the constraint in (3.4) which
forces the absolute value of the last r rows in D™ (X-x) to
be smaller than

1 r
2+(55)



US 11,818,479 B2

23
then
N-1 1.
2 G0, = 07 G| = 2D G =l = (57 -
n=0

In the following, the goal is to bound the infinity norm
|IK; *(X=%)||... Consider TV order=1. For K,(x), construct a
corresponding function K, (x), x€[0,1], which satisfies D,K
(t)=K,(t) for all j=0,1, . . . , N-1. Then one can bound
(K, *(x=x)||..by

[[KL* (%) HNOOZW)JEL*(JE—X)H@ =|&*D(%-x)
Nl =K, Pl

which can be further bounded by (3.13). Consider

. 1 = eiznk(x+~,{7)
K=+ E———
k2-Lh#0

see that

So it satisfies the desired property

D 112L(5'):12L(6')—12L(lj>1):KL(lj)-

Now show that the infinity norm of K, (x) is bounded by
some constant for arbitrary L=N/2 and x€[0,1]. Since >
is 1-periodic, one has

~ 1
supKy(x) = —sup =
< BTN

X
i
i Lizo L =€

L
1 1 — cos(2mkx) — isin(27kx) 1 — cos(2mkx) + isin(2mkx)
N 3 I T T
= 1 —COS(Zﬂﬁ) - zsm(Znﬁ) 1 —COS(ZRN) + zsm(Zﬂﬁ)

1 ZL: (1- cos(anx))(l - cos(Zn%)) + sin(Zﬂkx)sin(Zﬂ%)

1- COS(ZR%)

k
1 L sin(Zﬂkx)cos(ﬂ—)
ﬁsupz (1 — cos(2mkx)) + 7/(1\/ =
¥ k=t sin| n—)
N

1 L Sin(ZﬂkX)COS(ﬂ%) - sin(ﬂ%)cos(Zﬂkx) )

L
v + FThd T
) sin(nﬁ)
L1 - Sin(zﬂk(x%)) L1 5 Gin(2rky)
v + ﬁsupz — % °N + ﬁSMPZ 3
ey sin(nﬁ) ey sin(nﬁ)
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Notice that for k<.<N/2,
k 7
NET
then
)
Sy T —
N
is of the same order as
k
re
N
since for all
0 7 x g
<x < E,x— 3 < sin(x) < x,

which further gives

kN o k k
—) /6551n(7r—]<7r—.
N N N

k k
0587r— <=n—— (ﬂ
N N

Then see that

sin(27mtkx) B 1

1 s (Qrkx) &
S1N( L7T)
WZ k -

=1 Sin(”ﬁ) = =
k Lk 1,k
iisin(mx)ﬂﬁ “tilry) iZL: %) <023
N TR kSN 2 =Y
k=1 sty k=1 0.58(7rﬁ)

It is known that the summation

Z": sin(2rkx)
=1 k

is uniformly bounded by some constant smaller than 2 for
arbitrary nEN and x€R, so K, (%) is also bounded, there
exists some constant C such that |[K,|.<C. Therefore by
(3.13) one has,

KL+ @ -0l <||DiKL =@ -2 =

N L2 Mr+l L2
|Re =], = Coz VN - Ed =cx(y) o

For the last inequality, Bernstein’s Inequality is used for
trigonometric sums to obtain ||K,|l..<C, K K, AL.<CL?.
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For TV order=2, consider

fao 1 ei27r—il\(7 _ei27rk(7%7+x)
LX) =-—=

N q i27r7I\(7)2
k=—Lk#0 —€

similarly, one can show |K||..<N, then
KL # G = Dll = [|DIKL* (& - ) =

r+2 -
il g 5= cﬁ(%) 6.

N3

2
Kot = 3 -

In conclusion, for =1 or 2, one has have the £ _ -norm error
bound

L2
K& =2l = Cn MRS,

which further gives

12
PG =l = KL% (=D, + = Co M7,

o

1N71
=3 -1

An optimization algorihtm is presenetd for for solving
(3.1). Here, the algorithm is presenetd for the simple case
when the TV order § and the quantization order r are both
1, which reduces (3.1) to

min||D7 ||, subject to [|D7 (z - gl <d/2. 4.1
z

All other optimization problems proposed in this paper can
be solved in similar ways.
Let us start with writing out the Lagrangian dual of (4.1)

) 4.2
L, = W07zl = Sl + G D™ - ). @2

This dual formulation (4.2) is a special case of the general
form

@.3)

myaxmjn(l‘x, W+gw - f ),

which is known to be solvable by primal-dual algorithms
such as the Chambolle-Pock method (Algorithm 1).

Algorithm 1: Solve (4.3) using Chambolle-Pock Method

Initializations: T, 0 >0, To < 1, 0 € [0,1], X0, Yo. and set X, = Xo

Iterations: Update x,,, ,,, X,, as follows:

Vil = Proxep(y, + 0lx,) (@)
Xnst = Proxeg( — L Y1) (D)

(©

Tntl = Xnrl +O0(Xns1 — %)
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A natural way to apply Chambolle-Pock method on (4.2) is
to let x=D7z, L=D~'D~7,g(x)=||x/|,,

» d
fro= 5l
then (4.2) becomes

Lix, y) = 4.4

s
Il = 1l + s DDTx—D gy =(Lx, y) + g(x) - f* ().

Although this can be solved by the Chambolle-Pock method
(Algorithm 1), it converges pretty slowly due to poor
conditioning of L (the condition number of L is O(N?)).

One proposed strategy is, through a change of variable,
moving the large condition number from [ to g in (4.3). This
is beneficial as on the one hand, the improved condition
number of L accelerated the convergence of the primal-dual
updates; on the other hand, the increased condition number
on g is harmless to the inner loop due to the use of the
proximal map. Explicitly, the change of variable is through
x=D"Y(z-q), then z=Dx+q, the dual form becomes

é 4.5
£ )= (5, %)+ 1D Dx-+ Dgll, = 51l

Next, let g(x)=|D"Dx+D7q|,,

. 5
Fo= 3l

one can see that (4.5) also fits into the form of (4.3).
Applying Chambolle-Pock Method to solving (4.5), it gives
the following algorithm:

Algorithm 2: Solve (4.5) using Chambolle-Pock Method

Initializations: T, 0 > 0, 70 < 1, 6 € [0,1], Xo, Yo and set X, = X,
Tterations: Update X, ¥,,» X, as follows:

) 1 a2
Yot = avgmin, [yl + 51y = On TN (@)

1
et =TID Dx+ Dl glly + 5l = G = 7yl (B)

(©

X+l = Xl + O Xns1 — Xn)

Note that it has been shown that when L=I (I is the identity
matrix), step sizes T=1/0 and extrapolation rate 0 is set to 1,
PDHG is equivalent to DRS and ADMM. Hence the above
algorithm can also be derived by appropriate applications of
the ADMM algorithm when those special step sizes are used.

In Algorithm 2, step (a) has a closed form solution. To
solve (b), one can apply ADMM algorithm, the procedure of
which is stated in Algorithm 3.
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Algorithm 3: Solve (b) in Algorithm 2 by ADMM

Initializations: p > 0, Xg, Ug, bg
Iterations: Update x,, u,, b,, as follows:

L1 p 2
X1 = argmin, 5 |1% = (6 = Tl + 51D Dx + D gty + byl
b = acgming Tl + S1D7 Dy + DT g =+ b,

byi1 = by + DTDXnH + DTq — Un+l

Numerical simulation of the proposed decoder on both 1D
synthetic signals and natural images is presented. An experi-
ment is designed to confirm the benefits of the proposed
quantization method over MSQ on 1D signals (representing
columns of images) proved in Theorem 3.1. The signal to be
quantized is piece-wise constant or piece-wise linear with
random boundary locations and random height/slope on
each piece, which satisfies assumption 2.1. MSQ is com-
pared with Sigma Delta quantization coupled with the
decoder (3.1). The result is displayed in FIGS. 6A-6C. In
FIG. 6A, MSQ is compared with 1st order Sigma Delta
quantization, where the signal is piece-wise constant, not
satisfying the minimum separation condition. The decoder
used for reconstruction is according to (3.1) with p=1. The
SNR of the reconstructed image from Sigma Delta quanti-
zation is 37.00, and the SNR of MSQ is 21.95. In FIG. 6B,
MSQ is compared with the 2nd order Sigma Delta quanti-
zation and a decoder (3.1) with p=2. In this case, the SNR
of the Sigma Delta reconstruction is 37.30, and the SNR of
MSQ is 27.33. In FIG. 6C, the signal is piece-wise constant
with random noise. MSQ is compared with the 1st order
Sigma Delta quantization and decoder (3.1) with f=1. The
SNR of Sigma Delta reconstruction is 33.40, and SNR of
MSQ is 20.93. From FIG. 6 A, with the same number of bits,
the reconstructed signal using 1% order XA quantization and
decoder (3.1) is closer to the true signal and generally
preserves the piece-wise constant structure. FIG. 6B shows
that the piece-wise linear signal is also better reconstructed
by the proposed method. As there is no guarantee that a
given signal strictly satisfies our assumption, FIG. 6C tests
the stability of the proposed method by adding random noise
to the signal. It can be seen that even with additive random
noise, the proposed encoder-decoder pair has reasonably
good performance.

FIGS. 7A and 7B show the reconstruction result of signals
that satisfy minimum separation consdition. In FIG. 7A, the
signal is piece-wise constant. For Sigma Delta quantization,
1st order Sigma Delta quantization is used and a decoder
(3.1) with p=r=1, as well as 3rd order Sigma Delta quanti-
zation and decoder (3.4) with p=1, r=3. The SNR of the
reconstructed signals are 41.90 and 33.69, respectively. The
SNR of MSQ is 24.13. In FIG. 7B, the signal is piece-wise
linear. For Sigma Delta quantization, 2”4 order Sigma Delta
quantization is used and a decoder (3.1) with f=r=2, as well
as 3" order Sigma Delta quantization and a decoder (3.4)
with =2, r=3. The SNR of the reconstructed signals are
47.02 and 36.11, respectively. The SNR of MSQ is 25.70. If
the minimum separation condition is met, one can achieve
further error reduction by using high order ZA quantization.
In both FIGS. 7A and 7B, the reconstructed signal with
higher 2A quantization order r is close to the true signal
compared the result using lower quantization order, which
agrees with the theoretical result in Theorem 3.4.

Numerical results are also presented for 2D natural
images. The best performance is usually achieved when both
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the TV order and the A quantization order are 1. This
setting is used in the following experiments.

In the first example, gray-scale images are compard with
the results of 2D Sigma Delta quantization Q2D coupled
with decoder (2.6) (sd2D), 1D Sigma Delta quantization
Qcol coupled with decoder (2.5) (sd1D) and the MSQ
quantization, all quantization used the same number of bits
and the optimal alphabets. In terms of visual quality, (sd2D)
is better than (sd1D) and much better than MSQ. In terms of
the PSNR, (sd1D) is slightly better than (sd2D) and better
than MSQ.

In the second experiment, the effect of dividing the image
into multiple rectangle patches is evaluated in (sd2D),
quantizing and reconstructing the image individually using
the test image Lena. The process can be done in parallel,
which makes the decoding process significantly faster than
the single patch 2D reconstruction. There is usually no
visible difference between using 1 patch and multiple
patches in quantization and reconstruction. In both cases, the
images look more natural and closer to the original image
than MSQ, as the latter is unable to distinguish the subtle
difference between pixels, especially in the face and shoul-
der area.

To further investigate where the improved PSNRs of the
two Sigma Delta reconstructions come from, the absolute
spectra of the three reconstructions is plotted as well as the
absolute spectra of the residue images. The residue image is
defined as the difference between the reconstructed image
and the original image. As predicted, the decoders can
indeed retain the high frequency information while effec-
tively compressing the low frequency noise.

The techniques described herein may be implemented by
one or more circuits and/or computer programs executed by
one or more processors. The computer programs include
processor-executable instructions that are stored on a non-
transitory tangible computer readable medium. The com-
puter programs may also include stored data. Non-limiting
examples of the non-transitory tangible computer readable
medium are nonvolatile memory, magnetic storage, and
optical storage.

Some portions of the above description present the tech-
niques described herein in terms of algorithms and symbolic
representations of operations on information. These algo-
rithmic descriptions and representations are the means used
by those skilled in the data processing arts to most effec-
tively convey the substance of their work to others skilled in
the art. These operations, while described functionally or
logically, are understood to be implemented by circuit and/or
computer programs. Furthermore, it has also proven conve-
nient at times to refer to these arrangements of operations as
modules or by functional names, without loss of generality.

Unless specifically stated otherwise as apparent from the
above discussion, it is appreciated that throughout the
description, discussions utilizing terms such as “processing”
or “computing” or “calculating” or “determining” or “dis-
playing” or the like, refer to the action and processes of a
circuit, a computer system, or combination thereof, that
manipulates and transforms data represented as physical
(electronic) quantities within the circuit and the computer
system memories or registers or other such information
storage, transmission or display devices.

The foregoing description of the embodiments has been
provided for purposes of illustration and description. It is not
intended to be exhaustive or to limit the disclosure. Indi-
vidual elements or features of a particular embodiment are
generally not limited to that particular embodiment, but,
where applicable, are interchangeable and can be used in a
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selected embodiment, even if not specifically shown or
described. The same may also be varied in many ways. Such
variations are not to be regarded as a departure from the
disclosure, and all such modifications are intended to be
included within the scope of the disclosure.

What is claimed is:

1. A method for quantizing pixels of an image, compris-
ing:

receiving, by a sequencing circuit, pixel values for an
image captured by a camera, where the pixel values are
arranged in a matrix;

grouping, by the sequencing circuit, the pixel values of
the matrix into columns of pixel values;

for each column in the matrix, quantizing, by an analog to
digital converter, pixel values of a given column as a
whole using sigma delta modulation thereby minimiz-
ing accumulated quantization error for the given col-
umn from a starting pixel value in the given column to
a current pixel value in the given column; and

reconstructing a final image from the quantized pixel
values of the matrix using a decoder, where the decoder
is configured to minimize an image norm subject to a
quantization constraint and the quantization constraint
is defined by a finite integration operator applied to a
quantization error with an L-infinite norm bounded by
half of the quantization step-size, wherein the quanti-
zation error is a vector such that each element of the
vector contains a quantization error for a given pixel in
the matrix.

2. The method of claim 1 further comprises quantizing
two or more columns of pixel values from the matrix in
series using sigma delta modulation.

3. The method of claim 1 further comprises assembling
quantized values for each column into a rectangular array
and storing the rectangular array as a final image in a
non-transitory computer-readable medium.

4. The method of claim 1 wherein the image norm is
further defined as a total variation norm.

5. An imaging system, comprising:

a camera configured to capture an image of a scene, where
the image is represented by pixel values arranged in a
matrix;

a sequencing circuit configured to receive the image from
the camera and operates to grouping the pixel values of
the matrix into columns of pixel values; and

an analog to digital converter interfaced with the sequenc-
ing circuit and, for each column in the matrix, quantizes
pixel values of a given column as a whole using sigma
delta modulation, thereby minimizing accumulated
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quantization error for the given column from a starting
pixel value in the given column to a current pixel value
in the given column; and

a decoder configured to receive the quantized pixel values

of the matrix and reconstructing a final image from the
quantized pixel values of the matrix, where the decoder
minimizes an image norm subject to a quantization
constraint and the quantization constraint is defined by
a finite integration operator applied to a quantization
error with an L-infinite norm bounded by half of the
quantization step-size, and the quantization error is a
vector such that each element of the vector contains a
quantization error for a given pixel in the matrix.

6. A method for quantizing pixels of an image, compris-
ing:

receiving, by a sequencing circuit, pixel values for an

image captured by a camera, where the pixel values are
arranged in a matrix;

grouping, by the sequencing circuit, the pixel values of

the matrix into columns of pixel values;
for each column in the matrix, quantizing, by an analog to
digital converter, pixel values of a given column as a
whole using sigma delta modulation thereby minimiz-
ing accumulated quantization error for the given col-
umn from a starting pixel value in the given column to
a current pixel value in the given column; and

reconstructing, by a decoder, a final image from the
quantized pixel values of the matrix while minimizing
a norm subject to a quantization constraint, where the
quantization constraint is defined by a finite integration
operator applied to a quantization error with an L-in-
finite norm bounded by half of the quantization step-
size, and the quantization error is a vector such that
each element of the vector contains a quantization error
for a given pixel in the matrix.

7. The method of claim 6 further comprises quantizing
two or more columns of pixel values from the matrix in
parallel using sigma delta modulation.

8. The method of claim 6 further comprises quantizing
two or more columns of pixel values from the matrix in
series using sigma delta modulation.

9. The method of claim 6 further comprises assembling
quantized values for each column into a rectangular array
and storing the rectangular array as a final image in a
non-transitory computer-readable medium.

10. The method of claim 6 wherein the norm is further
defined as a total variation norm.
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