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SYSTEM AND METHOD TO FACILITATE A manufacturing process plan for manufacturing an object . 
SEARCH FOR A HYBRID - MANUFACTURING During operation , the system can obtain a set of partial order 

PROCESS PLAN constraints constraining an order in which a set of at least 
two manufacturing actions , corresponding to addition or STATEMENT OF GOVERNMENT - FUNDED 5 removal of predefined regions of space , appear in a process RESEARCH plan . The system can constrain , based on the set of partial 

This invention was made with U.S. government support order constraints , a search space . The search space can 
under ( Contract Number ) Award Number : HR0011-17-2- correspond to a tree in which nodes represent the object's 
0030 awarded by the Defense Advanced Research Projects state and edges represent available actions at each node . The 
Agency ( DARPA ) of the Department of Defense ( DoD ) . The system can then determine a set of optimized process plans 
U.S. government has certain rights in the invention . represented by orderings of the actions , corresponding to 

paths on the search tree , that produce a desired final state in BACKGROUND a cost - effective manner . 
In a variation on this embodiment , the manufacturing Field actions are defined as Boolean operations of the object's 

This disclosure is generally related to hybrid manufactur state with pre - defined regions of primitives . The intersection 
ing planning . More specifically , this disclosure is related to of the primitives produces a plurality of atoms . 
a system and method for facilitating a search for a hybrid In a further variation on this embodiment , the atoms are 
manufacturing process plan . 20 represented by binary strings that encode inclusion in the 

primitives . The state of the manufactured shape at each node 
Related Art and the desired target shape are represented in terms of 

binary strings of inclusions of atoms . Computing manufacturing plans for pre - designed 3 - di In a further variation on this embodiment , the system can 
mensional ( 3D ) objects is at the frontier in artificial intelli- 25 perform , at each node of the search tree , one or more of the gence ( AI ) . Different types of manufacturing technologies 
are available for manufacturing complex 3D structures . following : determining an action that is applied and satisfies 
Specifically , additive manufacturing ( AM ) technology can all pre - conditions imposed by the set of partial order con 
be used to manufacture complex 3D objects by adding straints ; determining the change in the state of a manufac 
materials in a layered fashion , e.g. , adding material by a 3D tured shape after applying the action ; updating the set of 
printer . Subtractive manufacturing ( SM ) technology can also partial order constraints for remaining primitives ; and deter 
be used to manufacture 3D objects by removing material , mining a set of available primitives for subsequent actions . 
e.g. , by cutting , drilling , grinding , and boring a block of In a further variation , the system can prune the search material to a desired form within a specified tolerance . Some space by discarding primitives as potential actions at a given manufacturing technologies leverage the advantages of AM 
and SM by combining the two for fabricating the 3D object . 35 node , based on the updated partial order constraints , avail 
For example , there are hybrid “ multi - task ” machines on the able primitives , and pruning strategies . 

In a further variation on this embodiment , the system can market that use the same computer numerically - controlled 
( CNC ) motion system with a set of replaceable AM nozzles identify combinations of primitives with different orderings 
( e.g. , for laser cladding ) and SM spindles ( e.g. , for face / form that result in duplicate states in process plans . The system 
milling ) . AM and SM may be performed separately , e.g. , by 40 can then retain at least one combination of the primitives 
separate machines , and may result in additional re - fixturing corresponding to the duplicate state while discarding 
and post - processing operations before transitioning from remaining combinations . 
one manufacturing technology or machine to another . Such In a further variation on this embodiment , the system can 
additional post - processing can result in increased time - to- determine , based on a cost function , a set of optimal process 
market and can also increase the cost of manufacturing the 45 plans that satisfy the set of partial order constraints , wherein 
3D object . the cost function depends on actual atoms that each primi 

With the advancement in manufacturing technologies , tive adds or removes . 
new systems can combine AM and SM techniques in a single In a variation of this embodiment , the system can calcu 
machine to perform a hybrid manufacturing ( HM ) process . late a cost of each action by multiplying a cost - per - unit 
Current HM approaches typically first complete AM steps to 50 volume of the action by a volume of atoms added or 
produce a “ near - net ” shape ( which is referred to as a removed by that action . The system can then calculate a total 
scaffolding process ) , followed by SM steps to remove the cost at each node by summing up costs of all previous 
extra support materials and finish the functional surfaces actions . 
down to proper tolerances . Further , an approach that would In a variation on this embodiment , the system can esti 
allow interleaving of AM and SM steps in nontrivial ways 55 mate , based on a heuristic function , a cost of remaining 
would increase the range of 3D objects that can be manu- actions at each node by : determining , for each atom , a 
factured or enable more cost - effective manufacturing by minimum number of flips to satisfy the desired final state , 
optimization of how these steps are ordered . The process of wherein an atom flip can correspond to addition or removal 
determining the existence of such an ordering and its opti- of the atom ; and multiplying a cost - per - unit - volume of a 
mization can be referred to as HM process planning . Per- 60 cheapest available action by the number of flips per atom 
forming HM process planning in an efficient manner is and the volume of the flipped atoms to estimate a lower 
challenging bound to a remaining cost . 

In a further variation on this embodiment , the set of partial 
SUMMARY order constraints at each node is represented by a constraint 

65 matrix whose entries are binary strings . The binary strings 
One embodiment of the present invention provides a encode a logical statement that combines the partial order 

system and method for facilitating a search for a hybrid- constraints via disjunctions and conjunctions . 

a 
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BRIEF DESCRIPTION OF THE FIGURES subtractive manufacturing ( AM / SM ) actions . Specifically , a 
system can determine a sequence of AM / SM actions in a 

FIG . 1 shows an exemplary system block diagram for cost - effective and efficient way to manufacture the object . 
determining a cost - effective HM process plan , in accordance As described in U.S. Pat . No. 10,719,069 , each manufac 
with one embodiment of the present disclosure . 5 turing action is defined as Boolean set operations with a 
FIG . 2A shows an example schematic of different HM manufacturing “ primitive ” defining a three - dimensional 

process plans using different orderings of four manufactur- ( 3D ) region of influence ( ROI ) for the action . Every AM 
ing primitives , in accordance with one embodiment of the action is defined as a set union with a given AM primitive , 
present disclosure . whereas every SM action is defined as a set difference with 

FIG . 2B shows an example schematic of overlapping the 10 a given SM primitive . Each primitive is computed by 
four manufacturing primitives in FIG . 2A , in accordance analyzing the geometry of the target shape against the tool 
with one embodiment of the present disclosure . shape , machine degrees of freedom , and possibly other 
FIG . 2C shows an example schematic of a plurality of manufacturing parameters . The primitives and their comple 

manufacturing atoms that result from intersection of the ments are intersected to generate a decomposition of the 3D 
manufacturing primitives in FIG . 2B and their complements , 15 space , called canonical or “ atomic ” decomposition . Each 
in accordance with one embodiment of the present disclo- manufacturing " atom ” corresponds to a set of points in 3D 

space that is classified in the same way against all primitives 
FIG . 3A shows an example of a search tree representing in terms of inclusion . 

the initial , intermediate , and final states , illustrated as nodes , In one embodiment , the atoms may be encoded as a 
and a plurality of HM process plans , obtained by following 20 sequence of binary digits that classify the atom , e.g. , given 
paths along the arrows , in accordance with one embodiment four primitives , an atom encoded “ 1001 ” can be included 
of the present disclosure . inside first and fourth primitives and excluded from second 
FIG . 3B shows an example of a table including binary and third primitives . A necessary condition for the existence 

encodings of the manufacturing atoms in FIG . 2C , their of an HM process plan that generates a desired final state 
inclusion in the final design , and a set of partial order 25 including a subcollection of atoms is an approximation of 
constraints inferred from the encodings and inclusion , in the target shape , using those atoms , within user - specified 
accordance with one embodiment of the present disclosure . tolerances . During operation , the system may derive a set of 
FIG . 3C presents a directed graph representing the set of partial order constraints that define how the AM / SM actions , 

partial order constraints shown in FIG . 3B , in accordance corresponding to AM / SM primitives can be ordered in an 
with one embodiment of the present disclosure . 30 HM process plan to ensure that the process plan generates 
FIG . 4A shows an example of a constraint matrix corre- the target shape . The set of partial order constraints may be 

sponding to a set of partial order constraints , in accordance represented by a constraint matrix relating the primitives 
with one embodiment of the present disclosure . with each primitive affecting one or more atoms included in 
FIG . 4B shows an example of a set of partial order that primitive . In other words , each primitive in the set of 

constraints and constraint matrices associated with a parent 35 primitives adds or removes a subcollection of atoms repre 
node and a child node in a search tree , in accordance with senting the ROI for a single AM / SM action , respectively . 
one embodiment of the present disclosure . The atoms represent the smallest spatial regions that can be 
FIG . 4C shows an example of a set of partial order added or removed as a unit , however , they cannot necessar 

constraints and a corresponding constraint matrix associated ily be added or removed independently . They are physically 
with a different child node in a search tree , in accordance 40 constrained to be added or removed alongside other atoms in 
with one embodiment of the present disclosure . a primitive representing a feasible manufacturing action . 
FIG . 5 presents a flowchart illustrating a process for An HM process plan ( or simply a “ plan ” ) is defined by a 

facilitating a search for cost - effective HM process plans , in sequence of manufacturing actions represented by AM / SM 
accordance with one embodiment of the present disclosure . primitives . A plan is “ valid ” if it represents a meaningful 
FIG . 6 illustrates an exemplary computer system for 45 sequence of AM / SM actions , e.g. , a Boolean formula that 

facilitating a search for cost - effective HM process plans , in makes use of AM primitives via set unions and complements 
accordance with one embodiment of the present disclosure . of SM primitives via set intersections . A plan is “ feasible ” if 

In the figures , like reference numerals refer to the same it produces the target shape , or an approximation of it as 
figure elements . deemed sufficiently accurate by user - specified tolerances or 

50 other design constraints . A necessary and sufficient condi 
DETAILED DESCRIPTION tion for a plan to be feasible is to have every atom inside the 

target shape present in the outcome of the Boolean formula , 
The following description is presented to enable any and every atom outside the target shape absent at the end of 

person skilled in the art to make and use the embodiments , the Boolean formula . This condition can be specified by a 
and is provided in the context of a particular application and 55 constraint matrix obtained by analyzing how the order of 
its requirements . Various modifications to the disclosed primitives in the sequence affects the presence or absence of 
embodiments will be readily apparent to those skilled in the atoms at the end of the plan . In other words , the presence or 
art , and the general principles defined herein may be applied absence of atoms at the end of the plan and their addition or 
to other embodiments and applications without departing removal by different primitives necessitates a certain set of 
from the spirit and scope of the present disclosure . Thus , the 60 order relations between the application of those primitives . 
present invention is not limited to the embodiments shown , HM process planning may thus be reduced to finding plans 
but is to be accorded the widest scope consistent with the that satisfy such relations . 
principles and features disclosed herein . There may exist more than one feasible plan that satisfies 
Overview the partial order constraints , thus results in the same subc 

Embodiments described herein solve the technical prob- 65 ollection of atoms being present at the end of the plan . These 
lem of determining hybrid manufacturing ( HM ) process feasible plans may have different costs associated with them 
plans for manufacturing an object using a set of additive and because the actual number of times a given atom may be 

a 
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turned on / off by different primitives that contain that atom constraints in the form of an nxn constraint matrix form X , 
may be different from one feasible plan to another . Each whose rows and columns represent the primitives available 
primitive may be associated with a different cost per unit for manufacturing the as - designed object , and the entries 
volume of the atoms that it affects , depending on a number denoting requirements on different partial orderings of a 
of process parameters . A feasible plan is “ cost effective ” if 5 subset of primitives . Furthermore , each partial ordering 
it is cheap enough , which may be defined in different ways constraint in the constraint matrix X can be represented as a 
depending on manufacturing budget , computational budget , combination of bits that can be denoted as an integer . The 
and optimality criteria . A feasible plan is " near - optimal ” ( or logic used for setting different bits in a binary string is 
" optimal ” ) if it is relatively cheaper than most other ( or all described in relation to FIG . 4A . 
other ) feasible plans . A feasible plan is " optimized ” if it is 10 Furthermore , a cost model can be defined for adding or 
obtained by applying an optimization process , including a removing material during the process of manufacturing the 
combinatorial search or numerical optimization , subject to object . For example , a simple cost multiplier factor for each 
feasibility constraints . primitive can be used so that the cost of removing or adding 
HM process planning may refer to facilitating an efficient a unit of volume can be proportional to the unit of volume . 

and compact search for finding one or more optimized , 15 Hence , the cost of adding or removing a given atom is 
near - optimal , or optimal HM plans , or any distinguished computed by multiplying the cost factor of the primitive that 
subset of cost - effective plans . More specifically , a search adds or removes that atom by the volume of the atom . Other 
space can be restricted based on an efficient representation embodiments with different cost models are possible without 
of the set of feasibility constraints , thereby resulting in an affecting the remaining parts of the method . For example , 
efficient search for cost - effective , near - optimal , or optimal 20 more sophisticated cost models may be employed that 
plans . depend on build direction , support structure , layer thickness , 
System Architecture minimum feature size , temperature history , material prop 
FIG . 1 shows an exemplary system block diagram for erties , and deposition trajectory ( for AM ) ; accessibility , feed 

determining a cost - effective HM process plan , in accordance and speed , tool path , tool / machine wear and tear , operator 
with one embodiment of the present disclosure . In the 25 time , and fixturing ( for SM ) ; and hybridization parameters 
example shown in FIG . 1 , system 100 can include an input such as cost of changing from one fixturing setup or machine 
module 102 that can define a set of manufacturing primi- to another . 
tives , atoms , and desired as - manufactured configuration in System 100 can include a search module 106 to perform 
terms of active and inactive atoms , e.g. , atoms that are a combinatorial search for a plurality of optimized HM 
included and excluded from the desired final state . In one 30 process plans . Specifically , search module 106 can explore 
possible embodiment , the constraint module 104 can convert a search space to find total orders that satisfy all of the 
the input to a set of partial order relations that constrains the constraints in terms of partial order relations among the 
order in which the AM / SM actions , using AM / SM primi- primitives . Search module 106 can prioritize visiting solu 
tives , may appear in a feasible HM process plan . These tions in the search space based on one or more intelligent 
constraints are input to the search module 106 which can 35 heuristics specified for an HM problem to enhance the 
enumerate one or more HM process plans that satisfy those efficiency of the search . In one embodiment , search module 
constraints , hence generate the desired final state . In one 106 can enumerate all feasible HM process plans , with or 
embodiment , the partial order relations may be directly without ranking them based on cost . In another embodiment , 
given as input to the search module 106. Specifically , an HM search module 106 can incorporate costs in the combinato 
process planning problem can be formulated using a set of 40 rial search to determine a plurality of optimal or near 
primitives P and a set of atoms A : optimal solutions automatically without visiting all possible 

solutions . For example , an A * ( A - star ) search algorithm can P = { P1P2 , ... , Pn } , ( 1 ) be used along with the cost and heuristic models to increase 
the likelihood of visiting more cost - effective solutions early A = { 2,22 , ... , 2 ) . ( 2 ) 45 on . In one embodiment , the heuristic can be defined in terms 

Primitives can be grouped into two categories , additive of the difference between the current state of the evolving 
manufacturing ( AM ) primitives and subtractive manufactur- part ( in terms of active and inactive atoms ) and the target 
ing ( SM ) primitives . An AM primitive or an SM primitive state , by computing the lower - bound to the remaining cost in 
can characterize the region of influence of a manufacturing terms of the remaining atoms ( to be added or removed ) and 
action . The shape of the ROI is determined by the shape of 50 the minimum cost factor of the available primitives . System 
the target design and the manufacturing capability ( e.g. , 3D 100 can then apply an output module 108 to identify and 
printing , milling , or turning ) . For the purpose of defining the output at least one HM process plan , e.g. , one or a few of the 
HM constraints , an as - designed object that is to be manu- most cost - effective feasible plans , or a ranked set of many or 
factured can be divided into volumetric regions called all feasible plans . 
atoms , each of which can have a different shape and size . 55 Example of a Hybrid - Manufacturing Process Plan 
Specifically , an atom can represent a volumetric region in FIG . 2A shows an example schematic of different HM 
the Euclidean space that is classified as completely inside or process plans using different orderings of four manufactur 
completely outside against all primitives , i.e. , the one or ing primitives , in accordance with one embodiment of the 
more primitives that include that atom will add / remove the present disclosure . In the example shown in FIG . 2A , four 
atom upon the AM / SM action , respectively . 60 hybrid - manufacturing plans , i.e. , 218-224 , are shown , with 

Each atom is defined by a conjunctive Boolean formula each plan including a different ordering of primitives , i.e. , 
on the primitives , and can optionally be denoted by a ternary { P1 , P2 , P3 , P4 } . For example , primitives P , and P2 can 
label to designate it as being in the design ” ( or " active " ) , correspond to additive manufacturing operations , while 
" not in the design ” ( or " inactive ” ) or " does not matter ” ( i.e. , primitives Pz and P4 can correspond to subtractive manu 
does not pose a constraint on the process plans ) . 65 facturing operations . Each plan can optionally start with an 

System 100 can include a constraint module 104 to empty space , 202 , and a first additive primitive , P1 , in each 
provide an efficient representation of the set of partial order of the four plans can add a block of material to empty space 
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applied . In one embodiment , multiple constraints that are to Although it is possible to enumerate all of the valid 
be satisfied simultaneously can also be generated corre- topological sorts for the constraint graph with many " OR " 
sponding to each atom . clauses , it may not be desirable as the resulting search can 
FIG . 3B shows an example of a table including binary be computationally expensive , and the HM system may only 

encodings of the manufacturing atoms in FIG . 2C , their 5 need to generate some of the most cost - effective HM process 
inclusion in the final design , and a set of partial order plans . Therefore , instead of using the constraint graph to 
constraints inferred from the encodings and inclusion , in determine all valid topological sorts , corresponding to all 
accordance with one embodiment of the present disclosure . feasible solutions , the system may create an array represen 
In the example shown in FIG . 3B , two additive primitives P1 tation of the constraint graph and use it directly in the search 
and P2 , and two subtractive primitives Pz and P4 , are 10 to efficiently traverse the graph and find the best solutions 

without enumerating all of them . considered for illustrating the generation of constraints for For example , the partial order constraints for n primitives manufacturing a simple object . Specifically , FIG . 3B illus can be represented in a matrix form of size nxn , with n rows trates how a constraint can be generated based on a desired and n columns . Each ( i , j ) entry in the matrix may represent state of an atom in the final design . 15 all of the non - redundant constraint clauses including the For example , when an atom is not desired to be present in partial ordering of the form P ; - > P ;. In one embodiment , each the final design , the ordering of the primitives may have to partial ordering in the constraint matrix can be represented 
be selected in such a way that one or more subtractive with a binary string and depicted in the constraint matrix as 
operations follow all the additive operations with that atom an integer that can be thought of as the unique decimal 
in their ROIs . In the example shown in FIG . 3B , five 20 representation of the binary string . Specifically , a setting of 
different atoms are considered . For the atom encoding 320 , “ O ” in the ( ij ) entry of the constraint matrix means no 
the atom is not present in the final design , so additive constraints and a setting of “ 1 ” indicates a simple constraint 
primitive P , precedes the subtractive primitive P3 , thereby P ; -- > P , with no “ OR ” clauses . 
satisfying the final design constraint . The partial order When a constraint includes an “ OR ” clause , i.e. , two or 
constraint imposed by the atom encoding 320 can be rep- 25 more groups of partial order constraints combined with 
resented as P2 P3 . This atom does not impose any con- " OR ” within the group and with “ AND ” among the groups , 
straints on the primitives P , or P4 , on the other hand , because each group affecting Pi can be assigned a different bit 
they do not affect the atom . position in the aforementioned binary string . If a partial 

The constraint associated with the atom encoding 320 order relation of the form P - > P , appears in a constraint 
corresponds to a single partial ordering constraint . However , 30 including more than one group of constraints , then the 
there can also be constraints that are combined with " AND " corresponding matrix entry ( i , j ) may have more that one bit 
or " OR " clauses , for example the constraints associated with set to “ 1 ” in different positions assigned to these groups . If 
the atom encodings 326 and 328 include “ AND ” and “ OR ” there are k “ OR ” clauses , or groups , affecting P? , then these 
clauses , respectively . The atom encoding 326 , implies that constraints may be represented using k different bit positions 
three primitives affect the atom . Two of these primitives P , 35 in the ith row of the matrix , with the relevant bit set to “ 1 ” 
and P2 are additive while the other one Pz is subtractive . This for each entry ( 1,3 ) corresponding to PP , appearing in the 
atom is desired to be absent in the final state , therefore it is related “ OR ” group . The number of the “ OR ” clauses , i.e. , 
necessary that P? precedes P3 and P2 precedes Pz . This the assignment of bits , can be done on a per ith row basis , so 
constraint can be denoted as P1 » P3 AND P2 P3 . Similarly , that different rows of the matrix can reuse the bit numbering 
the atom encoding 328 , implies that three primitives affect 40 for more efficient representation . 
the atom . One of these primitives P , is additive while the FIG . 4A shows an example of a constraint matrix corre 
other two Pz and P4 are subtractive . This atom is desired to sponding to a set of partial order constraints , in accordance 
be absent in the final design , therefore it is necessary that P1 with one embodiment of the present disclosure . In the 
precedes Pz or Pi precedes P4 . This constraint can be example shown in FIG . 4A , the given set of partial order 
formulated as P2 P3 OR P? ? P4 . Some of the partial order 45 constraints 402-410 relates nine primitives and can be 
constraints obtained this way can be redundant and may be represented in a matrix form in a constraint matrix 412 
consolidated by the constraint module 104. The final set of including nine rows and nine columns . Constraints 402 and 
constraints for the example shown in FIG . 3B can be 404 can represent simple constraints with just one partial 
denoted as : P , P , AND P , ™ P4 AND P2 P3 . A graphical order relationship between two primitives , with no “ OR ” 
representation of these constraints is shown in FIG . 3C . 50 clause . Constraint 402 , i.e. , P3 P5 , corresponds to the entry 
FIG . 3C presents a directed graph representing the set of in the third row and fifth column in matrix 412. Since 402 

partial order constraints shown in FIG . 3B , in accordance is a simple constraint with no “ OR ” clause , the matrix entry 
with one embodiment of the present disclosure . The set of ( 3,5 ) , i.e. , entry 414 in matrix 412 , is set to “ 1. " Similarly , 
partial order constraints can be represented as a directed constraint 404 is also a simple partial ordering of primitives 
graph when no “ OR ” clauses are included in the constraints . 55 with no “ OR ” clause , therefore the entry ( 1,8 ) , i.e. , entry 416 
An edge in the directed graph can denote an ordering of in matrix 412 is set to “ 1. " 
primitives , e.g. , an edge P1 P2 can indicate that primitive Constraints 406 and 408 represent “ OR ” constraints on 
P , must be applied before primitive P2 . In the example primitive P , and these constraints can be assigned the second 
shown in FIG . 3C , allowable orderings of the primitives and the third bit from the right , i.e. , bits corresponding to 
correspond to topological sorts of the graph , which means 60 integers 2 and 4 , respectively . In other words , since con 
the set of total orderings of the primitives that satisfy the straints 406 and 408 appear in the same row , i.e. , the first 
partial ordering . The constraint graph can be extended to row , of the matrix 412 , the second and third right most bits 
constraints combined using both " AND " and " OR " by can be set to “ 1 , ” respectively . Furthermore , since P , appears 
depicting every group of partial order constraints combined in both constraints 406 and 408 , the matrix entry ( 1,7 ) , i.e. , 
with “ OR ” as different types of edges in the directed graph 65 entry 420 , can have the second and third right most bits set 
with the corresponding edges labeled to indicate to which to “ 1 , " resulting in an integer “ 6. ” The primitives Po and P , 
group the constraints belong ( not shown in FIG . 3C ) . appear only once in constraint 406 , meaning that only 
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second right most bit is set to “ 1 , ” resulting in an integer “ 2 ” , If the search system selects primitive P4 for the child 
i.e. , entries 422 and 418 , respectively . In constraint 408 , node's constraint matrix 434 , then the search system may set 
primitive Ps appears only once and hence the third right most all entries in the fourth row and column to “ 0 , " this can result 
bit is set to “ 1 ” and results in the integer “ 4 ” in matrix entry in an entry “ 2 ” in the fifth row , i.e. , entry ( 5,4 ) in matrix 430 , 
424. The “ OR ” constraint 410 on P4 can be assigned the 5 that is to be set to “ 0. ” Now the fifth row may be left with 
second bit from the right corresponding to integer 2 ) , just one “ 2 ” entry , i.e. , at entry ( 5,1 ) in 430 , and the search 
because the bits are assigned row - wise and this is the only system can set this entry to “ 1 ” in the child node's constraint 
" OR ” constraint with P4 on the left of the partial ordering . matrix 434. Therefore , the search system can provide a 
Therefore , the partial order P4- > P , in " OR ” constraint 410 cascade of constraint reductions by selecting an available 
is depicted as “ 2 ” ( i.e. , decimal representation of a binary 10 action from the set of available actions . 
string “ 10 ” ) in matrix entry ( 4,7 ) , i.e. , entry 426 , and the If the search system selects primitive P , instead of primi 

tive P4 , then the fifth row and fifth column in a constraint partial order P4- > P , in “ OR ” constraint 410 is depicted as matrix corresponding to the child node may be set to " 0. " “ 2 ” in matrix entry ( 4,9 ) , i.e. , entry 428 . Now since an entry “ 2 ” in the second row , i.e. , entry ( 2,5 ) An HM system implementing a search technique can 15 in matrix 430 , was set to “ O , ” the other “ 2 ” in the second row , associate a constraint matrix 412 with a node in an A * i.e. , entry ( 2,9 ) in matrix 430 , can be set to “ 1. " Furthermore , 
search . The search system may assign a constraint matrix to in the fourth row of matrix 430 the entry ( 4,5 ) , i.e. , “ 20 , ” was 
a root node in a search , with the constraint matrix obtained set to “ 0 , ” so this can result in the search system analyzing 
by extracting all of the partial order constraints of the the other entries in the fourth row . Specifically , the search 
manufacturing problem and eliminating redundancies . A 20 system may examine the bits corresponding to " 16 " and " 4 " 
child node can be created when a primitive is applied to a in the fourth row . There are two more entries in the sixth and 
state associated with the node , and the search system can the ninth columns of matrix 430 with the bit position 
generate a new constraint matrix for the child node . At each corresponding to the integer “ 4 ” set to “ 1. " These entries 
node in a search tree , the search system can identify a set of correspond to a valid " OR ” clause and may not be changed . 
available actions based on a constraint matrix associated 25 Next , for the bit position representing the integer “ 16 , " there 
with the node under consideration . For example , a primitive is just one entry , i.e. , ( 4,8 ) , in the eighth column that can be 
P ; can be an available action from a given state if the set to “ 1. " 
primitive has not been already applied and does not have any Since the entry ( 4,8 ) was originally a 24 , the search 
pre - conditions to be satisfied , e.g. , does not have any system can examine other entries in the fourth row that 
required precursors . In other words , the jth column in the 30 represent an integer “ 8. ” The search system may then 
constraint matrix may not include “ 1 ” entries . However , identify that there is just one other entry that corresponds to 
entries greater than “ 1 ” can be allowed as they could the bit position for the integer “ 8 , " i.e. , “ 10 ” in the seventh 
represent a part of an " OR ” constraint that can be satisfied column , and the search system may set this entry ( 4,7 ) to 
through a different partial ordering that can be true . These “ 1. " Based on updating the entry ( 4,7 ) from “ 10 ” to “ 1 , " the 
constraints can significantly prune the state space for the 35 search system may continue checking other entries having 
search , thereby improving the efficiency of the search . Other the bit position representing the integer “ 2 ” set to “ 1. " The 
approaches to pruning and other combinatorial or heuristic ninth column in the fourth row includes an entry with this bit 
search algorithms can be employed in alternative embodi- set to “ 1 ” , so this entry may be set to “ 1. " Now there is only 
ments . one entry remaining with the bit position representing the 

In one embodiment , when the search system selects a 40 integer “ 4 ” set to “ 1 , ” which corresponds to the sixth 
primitive from a node in the search tree , the resulting child column , i.e. , entry ( 4,6 ) in matrix 430 , the search system 
node's constraint matrix can be created from the parent may set this entry to “ 1. " The resulting constraint matrix and 
node's constraint matrix . Specifically , in the parent node's the associated constraints for a child node when primitive P5 
constraint matrix , the row and column corresponding to the is selected as the available action are shown in FIG . 4C . 
primitive action taken can be set to “ 0. ” The search system 45 FIG . 4C shows an example of a set of partial order 
may update the remaining constraints accordingly to main- constraints and a corresponding constraint matrix associated 
tain consistency . For example , if by setting an entry in the with a child node in a search tree , in accordance with one 
constraint matrix to “ 0 , ” an “ OR ” clause with two partial embodiment of the present disclosure . Constraint matrix 440 
order relations is reduced to only one partial order relation , represents a resulting constraint matrix at a child node , 
the entry corresponding to the remaining part of the “ OR ” 50 obtained after the search system selects an available action 
clause can be set to “ 1. " The resulting partial order corre- P , based on the constraint matrix 430 in FIG . 4B . A set of 
sponds to a new constraint that is to be satisfied . partial order constraints shown in table 442 corresponds to 
FIG . 4B shows an example of a set of partial order constraint matrix 440 at a child node . 

constraints and constraint matrices associated with a parent In one embodiment , the search system can use the con 
node and a child node in a search tree , in accordance with 55 straint matrix to prune the search and to reduce the number 
one embodiment of the present disclosure . In FIG . 4B , an of nodes that can be expanded in the search tree . Further 
example set of partial order constraints is shown in table 432 more , the search system can discard duplicate nodes , i.e. , 
corresponding to a constraint matrix 430. Constraint matrix nodes corresponding to the same state , thereby reducing the 
430 can correspond to a state or a node in a search tree and number of nodes that are searched . Typically , multiple 
from this state a set of available actions can correspond to 60 combinations of primitives with different orderings may 
primitives : P2 , P4 , or Ps . The search system can select reach the same configuration . For example , applying mul 
available actions from a node's constraint matrix 430 , e.g. , tiple primitives of the same type ( all additive or all subtrac 
P2 primitive can be selected as an available action if the tive ) consecutively in any order may result in the same 
second column in constraint matrix 430 does not have a “ 1 ” configuration . Candidate states that have the same atom 
entry . The fourth and fifth columns of constraint matrix 430 65 configuration can be identified as duplicates . The search 
also do not include a “ 1 ” entry , hence the search system can system may apply other strategies for pruning the search 
select also primitives P4 , or Ps as available actions . space , e.g. , actions that may not result in any change in the 
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state may be disallowed from that node and actions that do and for all remaining subtractive primitives that can add or 
not move the search closer to the goal state may also be remove that atom . The search algorithm can also determine 
disallowed . a current setting of the atom , i.e. , “ 1 ” or “ 0 , " and a goal state 

Furthermore , if at a search node where no true actions of the atom . If the atom bit is “ O ” and is desired to remain 
have yet been taken , the search system may completely 5 “ 0 , ” then such a case can be denoted as a “ 0- > 0 " case . In the 
discard primitives as actions . Removing a primitive can be “ 0-0 ” case , if there are still additive primitives remaining 
considered as a new action which can result in updating the that act on the atom , then there must be at least one additive 
constraint matrix to generate a new child node . The search flip and one subtractive flip remaining . Otherwise , there may 
system may identify primitives that can be discarded along be no flips remaining . If the atom bit is “ 1 ” and is desired to 
a path in the search tree , and can discard them at the 10 remain “ 1 , " then such a case can be denoted as a “ 1 = 1 " 
beginning of the search , thereby limiting the number of case . In the “ 1-1 ” case , if there are still subtractive primi 
options available at the later nodes in the search tree and tives remaining that act on the atom , then there must be at 
improving the heuristic for the remainder of the search . least one subtractive flip and one additive flip remaining . 

Although discarding some of the primitives may reduce Otherwise , there may be no flips remaining . 
the search space , in some scenarios discarding some of the 15 If the atom bit is “ O ” and is desired to be “ 1 , " then such 
primitives may not result in a successful solution . In other a case can be denoted as a “ 0- > 1 ” case . In the “ 0- > 1 ” case , 
words , some search approaches may reach nodes that are if there are still subtractive primitives remaining that can 
dead ends , i.e. , there are no feasible solutions from that remove the atom and there is a constraint between some 
node . Therefore , in one embodiment of the present disclo- additive and subtractive primitives which requires an addi 
sure , the search system can use a primitive reduction logic 20 tive primitive to precede a subtractive primitive , then there 
to intelligently limit the number of primitives that can be must be at least two additive flips and one subtractive flip 
removed to improve the efficiency , if needed . The search remaining . Otherwise , there must be at least one additive flip 
system may apply a primitive reduction logic to perform two remaining . If the atom bit is “ 1 ” and is desired to be “ 0 , " then 
different tests . Specifically , the search technique can remove such a case can be denoted as a “ 10 ” case . In the “ 10 ” 
a primitive P from a set of primitives currently under 25 case , if there are still additive primitives remaining that can 
consideration in a given state if the following two conditions add the atom and there is a constraint between some additive 
are satisfied . and subtractive primitives which requires a subtractive 

First , for every significant atom , meaning one whose primitive to precede an additive primitive , then there must 
inclusion or exclusion from the final state matters , the atom be at least two subtractive flips and one additive flip remain 
is addressable by ( i.e. , contained in , thus can be added / 30 ing . Otherwise , there must be at least one subtractive flip 
removed by ) the remaining set of primitives . The term remaining . 
addressable here means that , if the atom is inside the design , The search system may use a minimum number of sub 
then there is at least one additive primitive that contains the tractive and additive flips for each atom with minimum 
atom in its ROI , and if the atom is outside the design , then subtractive and additive cost , respectively , to calculate the 
there is at least one subtractive primitive that contains the 35 minimum cost for each atom . The final minimum cost 
atom in its ROI , or the atom is empty . heuristic can be obtained by summing the costs across all the 

Second , for every significant atom that has a P - conjugate , significant atoms . 
the atom and the conjugate are either both inside or both In one embodiment , the search system may apply an 
outside the final design . Two atoms can be said to be alternative heuristic for a case where it may not be guaran 
P - conjugates if they differ only at the pth digit in their 40 teed that the remaining primitives may be used ( as they may 
encoding , i.e. , the atoms are contained in the same subset of later be discarded from the given state ) . Specifically , the 
primitives except for primitive P , meaning that one of them search system may use a heuristic that first determines for 
is contained in P and the other one is not . Removing each significant atom , the cheapest cost - per - volumes for all 
primitive P is equivalent to merging the two atoms into a the remaining additive and for all the remaining subtractive 
single atom . 45 primitives that may add or remove the atom . Further , this 

The search system can return a number N of the most heuristic may determine for each significant atom , a current 
cost - effective HM process plans , meaning that at each node setting ( “ 1 ” or “ O ” ) and a goal state of the atom . If the current 
the top N different paths and costs to that node may be setting is different from the goal state , then the search system 
maintained . In A * search , then , for example , the search can using this heuristic may multiply the atom volume by the 
be said to be completed when N solutions have been 50 relevant cheapest primitive , i.e. , additive for current state 
identified whose cost is lower than a heuristic cost value of “ O ” and goal state “ 1 , " and a subtractive for the reverse 
the current node under consideration . scenario . The search system can then compute a final cost by 

In one embodiment , the HM system can improve the summing the costs across all the significant atoms . 
search by applying good heuristics . For example , in A * FIG . 5 presents a flowchart illustrating a process for 
search , a cost function is included to compute the cost of 55 facilitating a search for cost - effective HM process plans , in 
actions taken so far at a given state , whereas a heuristic accordance with one embodiment of the present disclosure . 
function is included to estimate the cost of remaining During operation , the system can obtain a set of partial order 
actions . If the heuristic is admissible , i.e. , underestimates the constraints constraining an order in which a set of at least 
remaining cost , the search will eventually find the optimal two manufacturing actions appear in a process plan ( opera 
solution . The closer that estimate is to reality , the higher the 60 tion 502 ) . The set of partial order constraints can be repre 
likelihood of finding that solution earlier is . Selecting a good sented by a constraint matrix . Specifically , for n primitives 
heuristic that is computationally cheap may provide an the system can generate the constraint matrix of the form 
improved and time - effective search . A number of such good nxn . Each entry in the constraint matrix can represent a 
quality heuristics can be selected ; one of these heuristics is binary string ( i.e. , sequence of bits ) that can be represented 
described below . 65 as an integer in the constraint matrix . Further , each entry 

For each significant atom , the search algorithm can deter- with a non - zero number can correspond to one or more 
mine a cheapest cost - per - volumes for all remaining additive partial orderings of the given set of primitives . The system 
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can constrain a search space based on the set of partial order HM process plan search system 620 can include a search 
constraints ( operation 504 ) . For example , the system may module 626 , which can implement a search algorithm aug 
assign the constraint matrix to a root node or a given node mented with one or more methods to prune the search space , 
in a search space . A child node can be created when a as well as efficient heuristics , thereby resulting in an efficient 
primitive is applied to a state associated with the node , and 5 and compact search for a set of optimized orderings of the 
the search system can generate a new constraint matrix for primitives for manufacturing the desired shape in a cost 
the child node . At each node in a search tree , the search effective way . Solution output module 628 can output the set 
system can determine whether the node is a solution and of optimized orderings of the primitives that correspond to 
whether N solutions or process plans have been identified the cheapest HM process plans for manufacturing the shape . 

The methods and processes described in the detailed ( operation 506 ) . The system can determine that the search is description section can be embodied as code and / or data , completed when N solutions have been identified whose cost 
is lower than a heuristic cost value of the current node under which can be stored in a computer - readable storage medium 
consideration in the search tree . In other words , the system as described above . When a computer system reads and 

executes the code and / or data stored on the computer may determine a set of optimized process plans represented 15 readable storage medium , the computer system performs the 
by orderings of actions that produce a desired final state in methods and processes embodied as data structures and code 
a cost - effective manner . When the condition in operation and stored within the computer - readable storage medium . 
506 is true , the operation terminates . When the condition in Furthermore , the methods and processes described above 
506 is false , i.e. , N solutions have not been identified , the can be included in hardware modules or apparatus . The 
system may continue to operation 508 to determine a set of 20 hardware modules or apparatus can include , but are not 
new available primitives associated with a new child node limited to , application - specific integrated circuit ( ASIC ) 
based on the set of partial order constraints ( operation 508 ) . chips , field - programmable gate arrays ( FPGAs ) , dedicated 

For each available primitive , the system can create a new or shared processors that execute a particular software 
node in the search tree , update the set of partial order module or a piece of code at a particular time , and other 
constraints , and can calculate a minimum cost for the new 25 programmable - logic devices now known or later developed . 
node ( operation 510 ) . The system can prioritize nodes in the When the hardware modules or apparatus are activated , they 
search space based on one or more heuristics ( operation perform the methods and processes included within them . 
512 ) . In response to prioritizing the nodes , the system may The foregoing descriptions of embodiments of the present 
move to the next node in the search space based on the node invention have been presented for purposes of illustration 
priority ( operation 514 ) . The system can then continue 30 and description only . They are not intended to be exhaustive 
operation at 506 to determine whether the current node or to limit the present invention to the forms disclosed . 
under consideration corresponds to a solution and whether N Accordingly , many modifications and variations will be 
solutions have been identified in total . Therefore , the system apparent practitioners skilled in the art . Additionally , the 
can efficiently determine a solution that is cost - effective by above disclosure is not intended to limit the present inven 
pruning the search space to discard primitives , prioritizing 35 tion . The scope of the present invention is defined by the 
primitives at a given node in a search tree based on a set of appended claims . 
updated partial order constraints , available primitives , and What is claimed is : 
one or more heuristics . 1. A method for facilitating a search for process plans to 
Exemplary Computer System and Apparatus manufacture an object with a combination of additive and 
FIG . 6 illustrates an exemplary computer system for 40 subtractive manufacturing actions , the method comprising : 

facilitating a search for cost - effective HM process plans , in obtaining , by a computer , a set of partial order constraints 
accordance with one embodiment of the present disclosure . constraining an order in which a set of manufacturing 
In this example , computer system 600 can include a pro- actions associated with a manufacturing process of the 
cessor 602 , a memory 604 , and a storage device 606 . object , wherein a respective manufacturing action 
Computer system 600 can be coupled to peripheral input / 45 includes an additive or subtractive manufacturing 
output ( I / O ) user devices 630 , e.g. , a display device 610 , a operation corresponding to addition or removal , respec 
keyboard 612 , and a pointing device 614 , and can also be tively , of a predefined three - dimensional ( 3D ) region of 
coupled via one or more network interfaces to a network the object ; 
608. Storage device 606 can store instructions for an oper- constraining , based on the set of partial order constraints , 
ating system 618 and a hybrid manufacturing plan search 50 a search space , wherein the search space corresponds to 
system 620 . a tree in which nodes represent the object's state and 

In one embodiment , HM process plan search system 620 edges represent available actions at corresponding 
can include instructions , which when executed by processor nodes ; 
602 can cause computer system 600 to perform methods determining a set of sequences of actions by traversing the 
and / or processes described in this disclosure . HM process 55 search space based on the set of partial order con 
plan search system 620 can include an input module 622 to straints ; 
receive a set of encodings of atomic regions of the Euclidean estimating , based on a heuristic function , a cost of remain 
space with respect to their inclusion in primitives and in the ing actions at each node by : 
desired final state . HM process plan search system 620 can determining , for each atom , a number of addition or 
further include instructions implementing a constraint mod- 60 removal of the atom needed to reach a final state for 
ule 624 for efficiently representing the set of constraints in the object , wherein the atom indicates a smallest 
a constraint matrix form that can represent one or more spatial regions that can be added or removed as a 
partial orderings of the given set of primitives . Further , the unit ; and 
one or more partial orderings of primitives represented in the determining a low threshold for a remaining cost based 
constraint matrix can be depicted as integers , which are 65 on a cost - per - unit - volume of an available action , the 
decimal representations of binary strings depicting how the number of addition or removal per atom , and the 
partial order constraints are combined via “ AND ” and “ OR . ” volume of the corresponding atom ; 
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selecting , from the set of sequences of actions , a sequence includes an additive or subtractive manufacturing 
of actions as a process plan , wherein the sequence of operation corresponding to addition or removal , 
actions , which corresponds to a path on the search tree , respectively , of a predefined three - dimensional ( 3D ) 
produces the desired final state ; and region of the object ; 

providing the process plan to a controller configured to constraining , based on the set of partial order con manage the manufacturing process of the object . straints , a search space , wherein the search space 2. The method of claim 1 , wherein the manufacturing corresponds to a tree in which nodes represent the actions include Boolean operations of the object’s state with object's state and edges represent available actions pre - defined regions of primitives , and wherein the intersec corresponding nodes ; tions of the primitives produce a plurality of atoms . 
3. The method of claim 2 , wherein the atoms are repre determining a set of sequences of actions by traversing 

sented based on binary strings that encode inclusion in the the search space based on the set of partial order 
primitives and wherein the state of the manufactured shape constraints ; 
at a respective node and a desired target shape are repre estimating , based on a heuristic function , a cost of 
sented based on binary strings of inclusions of atoms . remaining actions at each node by : 

4. The method of claim 1 , further comprising : determining , for each atom , a number of addition or 
performing , at a respective node of the search tree , one or removal of the atom needed to reach a final state 
more of the following : for the object , wherein the atom indicates a small 
determining , for a primitive , an applied action that est spatial regions that can be added or removed as 

satisfies all pre - conditions imposed by the set of 20 a unit ; and 
partial order constraints ; determining a low threshold for a remaining cost 

determining a change in the state of a manufactured based on a cost - per - unit - volume of an available 
shape after applying the action ; action , the number of addition or removal per 

updating the set of partial order constraints for remain atom , and the volume of the corresponding atom ; 
ing primitives ; and selecting , from the set of sequences of actions , a determining a set of available primitives for subsequent sequence of actions as a process plan , wherein the 
actions . sequence of actions , which corresponds to a path on 5. The method of claim 4 , further comprising pruning the the search tree , produces the desired final state ; and search space by discarding primitives as potential actions at providing the process plan to a controller configured to a node based on the updated partial order constraints , 30 

available primitives , and pruning strategies . manage the manufacturing process of the object . 
6. The method of claim 1 , further comprising : 11. The computer system of claim 10 , wherein the manu 
identifying combinations of primitives with different facturing actions include Boolean operations of the object's 

orderings that result in duplicate states in the process state with pre - defined regions of primitives , and wherein the 
plan ; and intersection of the primitives produces a plurality of atoms . 

retaining at least one combination of the primitives cor 12. The computer system of claim 11 , wherein the atoms 
responding to the duplicate state and discarding are represented based on binary strings that encode inclusion 
remaining combinations of the primitives . in the primitives , and wherein the state of the manufactured 

7. The method of claim 1 , further comprising determining shape at a respective node and a desired target shape are 
the process plan that satisfies the set of partial order con- 40 represented based on binary strings of inclusions of atoms . 
straints based on a cost function , wherein the cost function 13. The computer system of claim 10 , wherein the method 
is based on atoms that a respective primitive adds or further comprises : 

performing at a respective node of the search tree , one or 
8. The method of claim 1 , further comprising : more of the following : 
calculating a cost of a respective action by multiplying a 45 determining , for a primitive , an applied action that 

cost - per - unit - volume of the action by a volume of satisfies all pre - conditions imposed by the set of 
atoms added or removed by the action ; and partial order constraints ; 

calculating a total cost at a respective node by summing determining a change in the state of a manufactured 
respective costs of all previous actions . shape after applying the action ; 

9. The method of claim 1 , wherein the set of partial order 50 updating the set of partial order constraints for remain 
constraints at a respective node is represented by a constraint ing primitives ; and determining a set of available 
matrix whose entries are binary strings , and wherein the primitives for subsequent actions . 
binary strings are used for encoding a logical statement by 14. The computer system of claim 13 , wherein the method 
combining the partial order constraints via disjunctions and further comprises pruning of search space by discarding 
conjunctions . 55 primitives as potential actions at a node based on the updated 

10. A computer system comprising : partial order constraints , available primitives , and pruning 
a processor ; and strategies . 
a storage device coupled to the processor and storing 15. The computer system of claim 10 , wherein the method 

instructions , which when executed by the processor further comprises : 
cause the processor to perform a method for facilitating 60 identifying combinations of primitives with different 
a search for process plans to manufacture an object orderings that result in duplicate states in the process 
with a combination of additive and subtractive manu plan ; and 
facturing actions , the method comprising : retaining at least one combination of the primitives cor 
obtaining a set of partial order constraints constraining responding to the duplicate state while discarding 

an order in which a set of manufacturing actions 65 remaining combinations of the primitives . 
associated with a manufacturing process of the 16. The computer system of claim 10 , wherein the method 
object , wherein a respective manufacturing action further comprises determining the process plan that satisfies 
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the set of partial order constraints based on a cost function , 
wherein the cost function is based on atoms that a respective 
primitive adds or removes . 

17. The computer system of claim 10 , wherein the method 
further comprises : 

calculating a cost of a respective action by multiplying a 
cost - per - unit - volume of the action by a volume of 
atoms added or removed by the action , and 

calculating a total cost at a respective node by summing 
respective costs of all previous actions . 

18. The computer system of claim 10 , wherein the set of 
partial order constraints at a respective node is represented 
by a constraint matrix whose entries are binary strings , and 
wherein the binary strings are used for encoding a logical 
statement by combining the partial order constraints via 15 
disjunctions and conjunctions . 
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