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(57) ABSTRACT

Methods of aerial vehicle trajectory planning are provided.
The method is used where the aerial vehicle is in an area
with one or more obstacles therein and the aerial vehicle has
a minimum turn radius. The methods involve finding safe
flight corridors, which are constructed from sequences of
triangles using constrained Delaunay triangulation of the
feasible space. A quadratic Bezier curve corresponding to
each triangle in the flight corridor is defined. The trajectory
is composed of quadratic Bezier curves that are aligned
end-to-end which satisfy the vehicle motion constraints. The
method described herein may also be used for path planning.
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FIG. 5A

FIG. 5B
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METHOD OF AERIAL VEHICLE
TRAJECTORY PLANNING

RIGHTS OF THE GOVERNMENT

[0001] The invention described herein may be manufac-
tured and used by or for the Government of the United States
for all governmental purposes without the payment of any
royalty.

[0002] Pursuant to 37 C.F.R. § 1.78(a)(4), this application
claims the benefit of and priority to prior filed co-pending
Provisional Application Ser. No. 63/398,653, filed Aug. 17,
2022, which is expressly incorporated herein by reference.

FIELD OF THE INVENTION

[0003] The present invention relates generally to aerial
vehicles and, more particularly, to methods of aerial vehicle
trajectory planning. The method described herein may also
be used for path planning.

BACKGROUND OF THE INVENTION

[0004] Various attempts have been made to plan for the
trajectory of aerial vehicles, including unmanned aerial
vehicles. Some current methods used for planning the tra-
jectory of aerial vehicles are limited to performing shortest
path calculations. Such methods often do not account for the
time of arrival. Such methods also often do not include the
path length while planning the trajectory for the aerial
vehicle, but instead calculate the trajectory length after
computing the trajectory. Further, such methods also do not
readily handle the presence of obstacles in the area in which
the aerial vehicle will be traveling. Other methods use
complex Bezier curves with four or more control points.
Such methods are computationally expensive, rendering
those methods impractical for placing on-board the aerial
vehicle.

[0005] Therefore, a need exists for improved methods of
aerial vehicle trajectory planning. In particular, a need exists
for methods of aerial vehicle trajectory planning that are
capable of calculating the length of the path, as well as the
time of arrival. A need also exists for methods of planning
the trajectory of aerial vehicles in an area that contains
obstacles. A need exists for methods that are capable of
planning trajectories for not only aircraft that can hover, but
also for fixed wing aircraft. A need also exists for compu-
tational methods that are computationally simple and fast
enough to provide on-board real-time computation for an
aerial vehicle.

SUMMARY OF THE INVENTION

[0006] The present invention relates generally to aerial
vehicles and, more particularly, to methods of aerial vehicle
trajectory planning. The method described herein may also
be used for path planning.

[0007] While the invention will be described in connection
with certain embodiments, it will be understood that the
invention is not limited to these embodiments. To the
contrary, this invention includes all alternatives, modifica-
tions, and equivalents as may be included within the spirit
and scope of the present invention.

[0008] According to one embodiment of the present inven-
tion, a method of planning a trajectory of an aerial vehicle
from a start location to an end location is provided. The
method is used where the aerial vehicle is in an area which
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has one or more obstacles therein and the aerial vehicle has
a minimum turn radius. In the case of a rendezvous with
another aerial vehicle, the time of travel of both aerial
vehicles to the rendezvous point is the same. This is the
rendezvous constraint. The method comprises the steps of:

[0009] (a) generating a safe corridor to account for
obstacles in the area in which the aerial vehicle will be
traveling, the step of generating a safe corridor com-
prising representing the flight corridor as a series of
triangles, wherein obstacles are defined as holes in the
area between the triangles;

[0010] (b) defining a quadratic Bezier curve corre-
sponding to each triangle in the flight corridor, wherein
each quadratic Bezier curve has a pair of ends and a
plurality of control points, wherein the control points
include an initial control point and a terminal control
point, and bounding each quadratic Bezier curve to lie
within the corresponding triangle, wherein the qua-
dratic Bezier curves include an initial Bezier curve and
a final Bezier curve, and wherein the radius of curva-
ture along all portions of the quadratic Bezier curves is
greater than or equal to the minimum turn radius of the
aerial vehicle;

[0011] (c) constraining the terminal control point on the
final Bezier curve to align with the end location;

[0012] (d) aligning the quadratic Bezier curves end-to-
end to form a trajectory comprising a path having a
length that satisfies the rendezvous constraint and
wherein the tangent to the path is continuous along the
length of the path; and

[0013] (e) utilizing a nonlinear program to simultane-
ously solve for the control points of all of the quadratic
Bezier curves.

[0014] Additional objects, advantages, and novel features
of the invention will be set forth in part in the description
which follows, and in part will become apparent to those
skilled in the art upon examination of the following or may
be learned by practice of the invention. The objects and
advantages of the invention may be realized and attained by
means of the instrumentalities and combinations particularly
pointed out in the appended claims.

BRIEF DESCRIPTION OF THE DRAWINGS

[0015] The patent or application file contains at least one
drawing executed in color. Copies of this patent or patent
application publication with color drawing(s) will be pro-
vided by the Office upon request and payment of the
necessary fee.

[0016] The accompanying drawings, which are incorpo-
rated in and constitute a part of this specification, illustrate
embodiments of the present invention and, together with a
general description of the invention given above, and the
detailed description of the embodiments given below, serve
to explain the principles of the present invention.

[0017] FIG. 1 is a perspective aerial photograph of the
space in which an aerial vehicle will travel in an example
problem scenario.

[0018] FIG. 2 is a diagram showing a quadratic Bezier
curve with its control points.

[0019] FIG. 3A is a diagram showing an example of a
triangulation generated using the Delaunay refinement algo-
rithm.

[0020] FIG. 3B is a diagram showing an example of an
abstract graph based upon the triangulation in FIG. 3A.
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[0021] FIG. 3C is a diagram showing an example of a
corridor constructed based on the shortest path.

[0022] FIG. 4 is a diagram showing a quadratic Bezier
curve for each triangle along the corridor and the corre-
sponding control points.

[0023] FIG. 5A is a diagram showing a rendezvous path
for a first value of an arrival time t,.

[0024] FIG. 5B is a diagram showing a rendezvous path
for a second value of an arrival time t..

[0025] FIG. 5C is a diagram showing a rendezvous path
for a third value of an arrival time t..

[0026] FIG. 5D is a diagram showing a rendezvous path
for a fourth value of an arrival time t,.

[0027] FIG. 6 is a flow chart of the flight test implemen-
tation.

[0028] FIG. 7A is a graph showing a flight test result.
[0029] FIG. 7B is a graph showing another flight test
result.

[0030] It should be understood that the appended drawings

are not necessarily to scale, presenting a somewhat simpli-
fied representation of various features illustrative of the
basic principles of the invention. The specific design fea-
tures of the sequence of operations as disclosed herein,
including, for example, specific dimensions, orientations,
locations, and shapes of various illustrated components, will
be determined in part by the particular intended application
and use environment. Certain features of the illustrated
embodiments have been enlarged or distorted relative to
others to facilitate visualization and clear understanding. In
particular, thin features may be thickened, for example, for
clarity of illustration.

DETAILED DESCRIPTION OF THE
INVENTION

[0031] The present invention relates generally to aerial
vehicles and, more particularly, to methods of aerial vehicle
trajectory planning. The method described herein may also
be used for path planning.

[0032] The methods described herein can be used in any
situation in which aerial vehicle trajectory planning is
needed including, but not limited to, planning trajectories
for: manned aircraft, unmanned aerial vehicles such as
drones, air taxis, and urban air mobility. The aircraft include
aircraft that can hover (e.g., rotary wing aircraft), as well as
fixed wing aircraft. The methods, however, are particularly
useful for fixed wing aircraft since such aircraft have cur-
vature, or turning, limitations. Aircraft that can hover and
stop are not subject to curvature limitations. However, in the
case of aircraft that can hover, if the mode of operation
requires that the aircraft not stop when the aircraft turns, it
is subject to these turn/curvature constraints. The methods
can be used to determine single vehicle time of arrival; and
multi-vehicle rendezvous, intercept, simultaneous arrival
and sequential arrival scenarios.

Definitions

[0033] As used herein, an element or step recited in the
singular and preceded with the word “a” or “an” should be
understood as including the plural of such elements or steps,
unless the plural of such elements or steps is specifically
excluded.

[0034] The term “agent” may be used as an alternative to
the term “vehicle”.
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[0035] Bezier curves are parametric curves named after a
French engineer, Pierre Bezier, that are used in computer
graphics and related fields. Bezier curves are splines that are
defined by polynomials over a finite interval in the Bernstein
basis. A set of discrete control points define a smooth,
continuous curve using a formula.

[0036] A quadratic Bezier curve (QBC) is a curve created
using three control points.

[0037] The term “configuration”, as used herein, with
reference to the initial and final portions of a trajectory,
refers to a position and orientation.

[0038] The term “curvature”, as used herein, refers to how
much the trajectory “bends.” Maximum curvature is equiva-
lent to minimum turn radius of an aerial vehicle or minimum
radius of curvature. If the trajectory bends more, then the
path is turning on a tighter/smaller turn circle.

[0039] Delaunay triangulation is used in mathematics and
computational geometry. A Delaunay triangulation (DT) is a
triangulation for a given set P of discrete points such that no
point is inside the circumcircle of any triangle in DT(P).
Delaunay triangulations maximize the minimum angle of all
of'the angles in the triangles of the triangulation, and tend to
avoid sliver triangles.

[0040] The term “feasible”, as used herein with respect to
a trajectory means that the generated trajectory: 1) satisfies
kinematic constraints (e.g., maximum curvature, that is
minimum turn radius): 2) is of a specified length; and 3)
avoids obstacles.

[0041] The term “G1 continuous™ refers to a curve where
the tangent is continuous at all points along the curve.
[0042] The “kinematic constraints” of an aerial vehicle
refers to the vehicle’s minimum turn radius. Kinematic
constraints fall under the category of non-holonomic con-
straints, and hence the vehicle/agent subject to kinematic
constraints may be referred to as a non-holonomic agent/
vehicle.

[0043] The term “non-holonomic”, as used herein, refers
to a vehicle that satisfies the kinematic constraints.

[0044] The term “path”, as used herein, refers to a spatial
collection of points to move from one location to another.
[0045] The term “rendezvous™, as used herein, refers to
two vehicles arriving at a location at the same time with the
same heading. The two vehicles may be flying at the same
or different altitudes. In practice the two vehicles may not be
in exactly the same location. In an application such as aerial
refueling, the two vehicles would be at different altitudes,
and their positions could be very close within a certain
tolerance. This could be considered as occupying the same
position when posing it as a mathematical problem. In
addition, such planning could be used for a “collision
course.” However, the end-part, when the intercepting agent
gets close, it would need to switch to a feedback control
policy, as the a priori planning would most likely not be
sufficient due to uncertainty in the system. In other words,
the planner would get the vehicle close enough for collision,
where another controller would take over for terminal guid-
ance.

[0046] The phrase “solve for control points”, as used
herein, means to find the control points such that the Bezier
curves defined by these control points satisfies the con-
straints on length, curvature etc., and minimizes a defined
cost.

[0047] A “trajectory” comprises a (spatial) path and time
(or speed) requirements associated with each point (sched-
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ule) while traveling along the path. Thus, a trajectory is a
special case of a path, but a path is not a trajectory.

General Approach

[0048] The methods described herein plan trajectory of
aerial vehicles by specifically incorporating the length of the
path into the computations. For a specific constant speed, the
length is equivalent to the time of travel multiplied by speed
(since speed=length/time).

[0049] The methods described herein use quadratic Bezier
curves (QBCs) to generate feasible trajectories. Quadratic
Bezier curves are particularly suitable for generating trajec-
tories since there is a closed form solution for the maximum
curvature and length of a QBC.

[0050] The methods described herein generate feasible
corridors as sequences of triangles so that a QBC can be
assigned to each triangle. Concatenating multiple QBCs
(that is, linking mmltiple QBCs in series) and carefully
defining constraints on the control points between two
adjoining QBCs provide the ability to compute in closed
form the maximum curvature and length. Doing so allows
one to establish the feasibility and objective as functions of
control points. The method allows for faster computation
because the constraints are expressed in closed form and
because the constraints on the problem are defined in the
space of control points, which is lower dimensional and thus
improves computational efficiency.

[0051] To generate a safe flight corridor to deal with
obstacle avoidance, constrained Delaunay triangulation
(CDT) is used. The methods described herein, thus, generate
a flight corridor as a series of triangles, defining a QBC
corresponding to each triangle in the flight corridor, and the
obstacle avoidance is addressed by bounding each QBC to
lie in the corresponding triangle. Each QBC is a function of
its control points, and the nonlinear program (that is, the
optimization problem) minimizes a cost function by simul-
taneously solving for the control points of all the QBCs. The
constraints of this optimization problem satisfy the path
continuity, maximum curvature and the constraints on the
path length using these control points.

[0052] FIG. 1 shows the space in which an aerial vehicle
will travel in an example problem scenario. The obstacles in
the environment are known apriori and can be reasonably
modeled by polygons. The initial configuration of the
autonomous air-vehicle (AV,) is given S=(s.s,.s,), where
(s..s,) are the position coordinates, and sq is the heading
measured with respect to a predefined x-axis. The methods
described herein can accommodate several different varia-
tions of the problem scenarios. In some cases, the methods
can be used to plan a trajectory for a first air vehicle that
travels to a fixed end point. In another variation, the air-
vehicle AV, is required to rendezvous in some predefined
“feasible space” with a second, moving air-vehicle AV,. The
feasible space is a line segment that does not intersect with
any of the obstacles. In the second variation, T, and T,
represent the ends of this line segment. The second moving
air-vehicle AV, starts at T, and travels at constant speed and
heading towards the T, with a heading direction to. The time
of arrival of the AV, at T, is t,. In the first variation (the first
air vehicle traveling to a fixed end point), the object that
would be the second air-vehicle AV, in the second scenario
can be assigned a speed of zero. The autonomous air-
vehicle, AV,, has kinematic constraints, and for the trajec-
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tory generated to be flyable, the curvature at any point on the
path must be less than the maximum curvature limit, K;;,,,;,-

[0053] The path planning problem is to find the rendez-
vous point, R,, on the line segment T,T, and the path of
minimum length that satisfies the following: (i) the path
starts at (s,.s,) with heading so and ends at R, with a heading
ty; (1) AV, and AV, arrive at R, simultaneously; (iii) the
maximum curvature of the path is less than x,,,,; and (iv)
the path is feasible with respect to the obstacles.

[0054] Bezier curves are splines that are defined by poly-
nomials over a finite interval in the Bernstein basis. The
maximum degree of the polynomials is referred to as the
degree of the Bezier curve. Let P(t) be a Bezier curve of
degree n, and it is given as:

: M
P@) =) pub@),

k=0

where re [0, 1] is a non-dimensional parameter, and pg.p;, -
.. p,€ R? are the control points, and b”,(t) are the Bernstein
polynomials of degree n. The symbol E represents set
membership and reads “is an element or member of” or
“belongs to”.

[0055] FIG. 2 shows an example of a quadratic Bezier
curve with its control points. Bézier curves have the fol-
lowing properties which makes them well suited for path
planning: (i) a Bezier curve always starts at the first control
point and ends at the final control point; (ii) the tangent of
the curve at these end points aligns with the line passing
through the two end control points; (iii) the Bezier curve
always lies inside the convex hull of the control points. In
geometry, the convex hull of a shape is the smallest convex
set that contains it. In the present case, the convex hull can
be thought of a shape similar to that of a rubber band that
contains all of the control points. This property makes them
adaptable for path planning in the presence of obstacles,
where one can appropriately constrain the control points
such that the associated convex hull does not intersect with
the obstacles, and construct a feasible path.

[0056] The maximum curvature of paths are required to be
less than a limit, Kj,,;,» which corresponds to the minimum
turn radius of the vehicles. For a QBC, there exists a closed
form solution for the maximum curvature and the length of
the path. Therefore, QBCs are used for path planning in
order to address the curvature constraints and the temporal
constraints (manifested as a length constraint).

[0057] InFIG. 2, po.p,.p, are the control points of a QBC,
P(t). The mid-point of the line joining p, and p, is repre-
sented by m. A, is the area of the triangle Apy.p,. p,. In FIG.
2, C, and C, are circles with diameters p,m and p,m
respectively. The closed form solution of the maximum
curvature, X,,,,,, of a QBC as a function of the control points
depends on the position of p, as shown below:

@ if ppe UG, @
k=@ if pLeCl,
® if p el

(® indicates text missing or illegible when filed
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where the symbol ¢ indicates no set membership and reads
“is not an element or member of” or “does not belong to.”
[0058] The length of a QBC can be expressed as an
analytical function of its control points, and is given below.

1 3 &)
Ly = - 4ATW +
842
ZVZB(W— \/E) + (4CA —Bz)log M"

B4 +24C

where = /A +B+C, d=4(a’ + d3), B = 4(a,b, +a,b)),

C=bl+b,and a=po—2py + ps, b=2p; — 2po.

[0059] The idea to define the path as a concatenation of
QBCs defined by the control points leverages the existence
of closed form solutions for the maximum curvature and the
length of a QBC. This property allows the current path
planning problem to be posed as nonlinear optimization over
the control points. To satisfy the obstacle avoidance con-
straints, the QBCs are guided using safe flight corridors that
are defined by a series of adjacent triangles. A QBC is
assigned to each triangle and the QBCs belonging to adja-
cent triangles are constrained to be G' continuous. In the
following section, the corridor generation algorithm is pre-
sented using constrained Delaunay triangulation.

[0060] FIG. 6 shows the methods/algorithm comprise two
main components: 1) safe corridor generation and 2) path
optimization. Safe corridor generation can be divided into
three main steps: a) triangularization, b) graph abstraction,
and c) finding a set of safe corridors.

Safe Corridor Generation

[0061] The overall approach of safe corridor construction
involves three steps. In the first step, a triangulation of the
“feasible-space” is generated using constrained Delaunay
triangulation. In the second step, an abstract graph is con-
structed where each node of the graph represents a triangle,
and the nodes corresponding to adjacent triangles are con-
nected by an edge. The third step uses k-shortest path to
construct a list of safe corridors representing paths from the
initial triangle to the final triangle that are sorted from
smallest to longest.

[0062] FIG. 3A shows an example of the first step in the
safe corridor generation portion of the methods, triangular-
ization. This is step 3 in Algorithm 1 (below). In the
triangularization step obstacles are holes in the triangular-
ization domain. The input into this step is a planar straight
line graph (PSLG) which consists of a vertex set describing
the external boundary and obstacle vertices, segments
defined by pairs of vertices describing edges of obstacles
and the boundary, and a set of holes defined by an (x.y)
location inside each obstacle. The output of the triangular-
ization is a mesh with the following properties: 1) the union
of the mesh is the triangulation domain and 2) the triangles’
internal angles are neither too small nor too large.

[0063] More specifically, as shown in FIG. 3A, O is the set
of polygonal obstacles, and O, and O, are the set of vertices
and edges of the obstacles, respectively. The Delaunay
refinement algorithm is used to generate the triangulation of
the feasible space. This technique generates triangulation
with some useful properties such as the following. The union
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of the triangles is the triangulation domain, and any segment
is in the union of the triangulation edges. The Delaunay
refinement algorithm aims to bound the smallest angle in the
triangles. This avoids generating triangles with large or
small angles, and it would be apt for the cwrrent path
planning problem. One can define the obstacles as “holes” in
the domain and the Delaunay refinement algorithm avoids
generating the triangulation inside the obstacles (which are
shown with hatched lines in FIG. 3A). Let O, denote the set
of “holes”, where each hole is parameterized by a point
inside an obstacle. The inputs to the Delaunay refinement
algorithm are a planar straight line graph (PSLG), which is
defined using the vertices and edges of the obstacles, and the
set of “holes”, O,. The vertex set also includes the boundary
points, B, that defines the whole domain. The sequence of
triangles is denoted by S;.

[0064] FIG. 3B shows an example of the second step in the
safe corridor generation portion of the methods, graph
abstraction. An abstract graph of the operating domain is
constructed. The input in this step is the mesh and the output
is a graph. This abstraction is accomplished by creating a
node for each triangle and an edge between two nodes if the
triangles that they represent share an edge.

[0065] More specifically, in the second step, an abstract
graph is created based on the triangulation, S;, obtained
from the Delaunay refinement. A graph G, is constructed
with vertex set V, and edge set E,. A node corresponding to
every triangle is added to V,, and for every pair of adjacent
(those that share an edge) triangles, an edge is added to E,.
The construction of the graph is shown in steps 4-13 of
Algorithm 1 (below). The nodes corresponding to the tri-
angle that contains S is identified as the start node, n,. The
set of nodes that correspond to the triangles that intersect
with line segment T, T, is identified as the goal node set, N..
For each node n, e N,, the paths from n, to n,, are listed, and
these paths are added to the set S, The set S ,,,,,,; is sorted
in ascending order of the path lengths, and for each path in
this set a flight corridor is constructed using the triangles
corresponding to the sequence of nodes in the path. Algo-
rithm 1 returns the list of the feasible corridors in ascending
order of corresponding path lengths in G,.

Algorithm 1 Corridor construction for the path planning

1: function SAFECORRIDORS(O,, O,, O,, B,

2 0, 0,uUB,

3 S, < DELAUNAYREFINEMENT(O,, O, O,)
4 V.E«{}

5: for A, € Sy do

6: S, < GETADJACENTTRIANGLES(A,)
7 if NODE(A,) € V, then

8: V, < V,u CREATENODE(A,)

9: for A, € S, do

adj

10: if NODE(A,) ¢ V, then

11: V, < V,u CREATENODE(A,)

12: if (A, A)) £ E, then

13: E, « E, u CREATEEDGE(A,) > the
weight of the edges are set to the distance between centroids of the
triangles

14: G, « CREATEGRAPH(V,, E))

15: n; < GETSTARTNODE( )

16: N, < GETGOALNODESET( )

17: Sparns < 1}

18: forn, € N, do

19: Spaths < Sparns W ALLTPATHS(G,, n, n,)
20: Sparhs < SORT (S50,

< {1}

pat

corrs
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-continued

Algorithm 1 Corridor construction for the path planning

22: fors, € S,.as

do
23: S <~ 8

corrs corrs

24: return S

U GETCORRIDOR(s,)

corrs

[0066] FIG. 3C shows an example of the third step in the
safe corridor generation portion of the methods, finding a set
of'safe corridors. Using the graph from the previous step and
the start and end locations as inputs, this step returns a list
of the shortest paths. This involves finding the triangles in
the mesh which contain the start and end locations. The start
and ending nodes in the abstracted graph will be those
representing these triangles. For some integer k, a k-shortest
path algorithm is run to determine the k shortest paths. Each
path consists of a list of edges, where the nodes in the path
determine an ordered list of triangles in the mesh. A safe
corridor consists of the area covered by the triangles in the
shortest path.

[0067] To summarize, the main steps involved in the
corridor construction are shown in FIGS. 3A-3C. The fig-
ures show the initial position of AV, S, the start and end of
the rendezvous line segment T, and T,, and the obstacles,
which are represented by hatched polygons. The triangula-
tion generated by the Delaunay refinement algorithm are
shown in dashed lines in FIG. 3A. The abstract graph G, is
superimposed on the triangles, and it is shown with nodes
and lines connecting the nodes in FIG. 3B. A corridor is
constructed using the path of shortest length in S, _,,,; it is
shown as triangles formed by solid lines that are not hatched
in FIG. 3C.

Path Optimization

[0068] FIG. 4 shows an example of the second main
component of the method, path optimization. The path
consists of a set of QBCs that are concatenated with G*
continuity. That is, the path is continuous and has a con-
tinuous tangent everywhere. The output of the corridor
construction is given as a sequence of triangles, and let this
be A={A,, ..., A,}, where m is the total number of triangles
in the corridor. The path construction involves m QBCs
corresponding to the m triangles in A. An illustration of this
is shown in FIG. 4, where the x’s in each triangle are the
control points of the QBC. Let the control points of k”* QBC
be p*:={ps".p,%,p;>}, that define the curve as in equation (1).
The idea is to define the path using m sets of these control
points, p*’s, and formulate the objective and the constraints
such that they could be solved using a nonlinear program
solver.

[0069] The Bezier curve always starts at the first control
point and ends at the final control point. Therefore, the first
control point of the first Bezier curve, p,', should be the
starting position of the AV}, (s..s,). The initial heading of
AV | is given as s,, and therefore the second control point p,*
should lie along the ray starting from (s_,s,) with a heading
so. The path needs to end on the line segment T, T, with a
heading aligned in the direction T,—T, Because of this, the
last control point of the last QBC, p,™ is constrained to lie
on the T,T,; and p,” is constrained to lie along a ray starting
at p,” with heading tq+r.

[0070] To simplify the formulation of constraints, a
change of coordinates that define the control points of the
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QBC:s is used. The path consists of m Bezier curves that are
concatenated with G' continuity. The set {p,*...p,” '} are
the mid-control points of the QBCs corresponding to the
triangles 2 to m-1. To allow for a rendezvous, let & be the
variable that defines distance between the final control point
on T,T, and T,. Let o, be the variable that defines the
distance between first control point and second control point
of the first QBC, and let am be the variable that defines
distance between p,™ and p,™. To satisfy the G' continuity,
each knot point between two successive QBCs is con-
strained to lie on a straight line connecting the mid-control
points of two successive QBCs. For example, consider two
successive QBCs, indexed j and j+1. For continuity, the last
control point of QBC, ps, and the first control point of
QBC,,,, pJ/** have to be the same, and p5 or p/** should lie
on the straight line connecting p;/ and p/*!. The set of
variables v, j=1 . . . m-1 is defined such that knot points are
given as p/=(1-y)p/+y,p/*'. The bounds O=y=1 constrain
the knot point p, to lie between p,/ and p/**. Let x represent
the set of all the variables defined above. Note that the p,”s
are Cartesian coordinates of a point, and therefore consists
of two variables representing the x and y coordinates. With
a slight manipulation of notation, x is defined as the fol-
lowing:

X ={0 001+ Yenl s -2 (©)]

[0071] In the following, the objective of the nonlinear
program and the formulations of the constraints that are
imposed are defined to generate a feasible path.

[0072] Path optimization is performed iteratively over the
k safe corridors. The iterations will stop when a feasible path
is found or if there are no more corridors left. Below is a
description of one iteration.

[0073] To begin an iteration: let m be the number of
triangles in the corridor under consideration in the current
iteration. Each triangle has a QBC associated with it. By
definition, a QBC has three control points, thus there are 3m
total control points. The first triangle and last triangle are
handled differently from triangles 2 through m-1.

[0074] First, the constraints are defined. There are four
main sets of constraints: a) initial and final configurations; b)
length (time of arrival) constraint; ¢) maximum curvature
constraint; and d) smoothness constraints between adjoining
QBC.

[0075] a) Initial and final configuration constraints: in the
first triangle of the corridor, the initial control point of the
QBC is defined to be the starting location of the trajectory.
The second control point is then constrained to lie on the
vector pointing in the direction of the initial heading. In the
last triangle (triangle m), the last control point lies at a
rendezvous point which is a distance delta from the begin-
ning of the line segment on which the second UAV is
traveling. The second to last control point is collinear with
the line segment opposite the final heading. The distance
from the first to second control point is &, and the distance
from the second to last and last control point is c.,.

[0076] Initial and Final Configurations: The control point
PA is set to the starting position (s,,s,), and the definition of
the variables 9, a; and a,,, implicitly satisfies the initial and
final position and heading constraints.

[0077] Continuity: By the definition of the variables, y,’s,
the knot points always lie on a straight line connecting the
previous and next control points. This implicitly satisfies the
G* continuity.
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[0078] Obstacle Avoidance: The main premise for the
corridor generation as a sequence of triangles is to formulate
the obstacle avoidance constraints. The sequence of tri-
angles, S_,,,., does not intersect with any of the obstacles. We
define each QBC so that the first and third control points lie
on the edges of a triangle and the mid-control point lies
inside the triangle. Therefore, due to the convex hull prop-
erty of the Bézier curves, it is sufficient to constrain the
control points of each QBC to the triangles in S__,, and the
resulting path satisfies the obstacle avoidance constraints.
Let {/, v/, w} be the vertices of triangle j in S_,,,. The
mid-control point, p,/, of the corresponding QBC is con-
strained to lie inside the triangle wWv/w/. Without loss of
generality, we assume the vertices {1/, v/, w'} are in counter-
clockwise sequence, the following set of constraints ensures
the mid-control points lie inside the corresponding triangles.
The subscripts x and y represent the corresponding coordi-
nates of the points.

rd-ud) V= W)= - W wd-ud)<0 5)

010X 5= El=(P = o0 ©
Prd-wd) (V= )P 55 om0 ™
[0079] Letp/ and p/*' be the mid-control points of two

QBC:s corresponding to successive triangles in S_,,,, and let
v/ and v4 be the vertices of the common edge of the two
triangles. The knot point is given as ps/=(1-y)p/+yp/*",
and it is constrained to lie on the line segment connecting v/
and v/ using the following constraints.

?

9

¢

3 —Vlyj)(szj—"lf)—("zf—"lxj)(

®)

min(v, /v, /)=, smax(v, /v, ©)
[0080] Vij=1,..., m-1.
[0081] b) Length Constraint: The length of one QBC is

given in equation (3). The length constraint for the entire
trajectory is that the sum of the lengths for all QBC must
equal the sum of the delta and v,*t.. This represents the
distance traveled by the intercept point; since the pursuer is
traveling the same speed, this is also the distance that the
pursuer must travel.

[0082] c¢) Maximum Curvature Constraints: The maxi-
mum curvature of one QBC is given in equation (2). Thus,
every QBC comprising the trajectory must individually
satisfy the curvature constraint.

[0083] Maximum Curvature: The maximum curvature of
QBC,, K,,..(pd.p/.ps), is given in equation (2), and the
following set of constraints ensures the curvature constraints
are satisfied everywhere along the path,

Knan D D107 5K i =1, - - . m (10)

[0084] d) Smoothness Constraint (see FIG. 4): There are
3m control points; three for each of the m QBC in the
trajectory. The first two control points of the first QBC and
the last two control points of the last QBC are defined by the
initial and final configuration constraints. Take all triangles
along the corridor except for the first and last (2, . . . , m-1).
The mid-control point for each of these QBCs (2, . .., m-1)
is constrained to strictly lie inside its respective triangle. For
continuity, the first control point of each of these is the same
as the last control point of the previous triangle. To ensure
the path avoids the obstacle, these control points must lie on
the line segment that is the boundary of the two neighboring
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triangles and they must be collinear with the mid-control
points of these neighboring triangles.

[0085] The objective function for the path optimization
block in FIG. 6 is to minimize the path length subject to the
above constraints.

[0086] If the optimization returns a feasible path, then
stop. If the optimization does not return a feasible path and
there exist other shortest corridors in the list, start a new
iteration to perform the optimization using the next shortest
corridor. If there are no other corridors to investigate, then
the algorithm indicates that no trajectory was found.
[0087] The methods described herein can provide a num-
ber of advantages. It should be understood, however, that
these advantages need not be required unless they are set
forth in the appended claims.

[0088] The methods of aerial vehicle trajectory planning
are capable of calculating the length of the path taken by the
aerial vehicle, as well as the time of arrival. The method is
capable of calculating length during the computation of the
trajectory, rather than after computing the trajectory. The
aerial vehicle can arrive in minimum time by optimizing the
length of the trajectory. The methods of planning the tra-
jectory of aerial vehicles can be used in an area that contains
obstacles, and can account for such obstacles. The methods
are capable of planning trajectories for not only aircraft that
can hover, but also for fixed wing aircraft. The methods are
computationally simple enough and fast enough to provide
on-board real-time computation for an aerial vehicle. The
methods may be useful in numerous situations including, but
not limited to: for aerial refueling; for aerial package deliv-
ery; and for air taxis in urban settings. Such situations
require trajectory plans which avoid obstacles and no-fly
zones and ensure that the aerial vehicle arrives at the
destination on time.

EXAMPLES

[0089] The following examples illustrate particular prop-
erties and advantages of some of the embodiments of the
present invention. Furthermore, these are examples of reduc-
tion to practice of the present invention and confirmation
that the principles described in the present invention are
therefore valid but should not be construed as in any way
limiting the scope of the invention.

Simulation Results

[0090] The trajectories generated for a scenario with five
obstacles and four different arrival times, t, of AV, at T are
shown in FIG. 5A-FIG. 5D. The initial position, S, of AV,
is (4000,-2000) where the numbers represent coordinates
without units in artificially created simulations (and could be
meters), and the initial heading direction is 2.6 radians with
respect to x-axis. The ends of the rendezvous line segment
T, and T, are set as (5000,7000) and (-2000,5000). The
maximum curvature limit of the path is set to be 0.002,
which corresponds to a minimum turn radius of 500. The
values of t, corresponding to the four scenarios are 6000,
10000, 20000 and 25000 respectively. The trajectories com-
puted reflect the increasing values of t,, where the algorithm
finds a longer flight corridor for higher t.. In the second
scenario shown in FIG. 5B, t, is sufficiently high and the
rendezvous occurs at the starting point T, This is as
expected as the algorithm aims for a rendezvous as early as
possible and hence returns a path to the starting position of
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the rendezvous line segment. In the third and fourth sce-
narios, the values of t, are even larger, and the algorithm
finds the feasible trajectory using a longer flight corridor to
satisfy the rendezvous constraints.

[0091] The algorithm is also run for hundreds of instances
where the positions of the obstacles and the domain end
points are as shown in FIG. SA-FIG. 5D. For each instance,
the initial position and heading of the AV, are generated
randomly from a uniform distribution. The values of t, are
also generated randomly in the interval [l,,,.l,,.,,+5000],
where 1, is the shortest feasible path from initial configu-
ration to any point on T, T, without rendezvous constraints.
Two different triangulation algorithms are used to generate
the flight corridors. The first one is where the triangles
produced are forced to satisty the Delaunay property. In the
second one a Constrained Delaunay Triangulation (CDT) is
used where the triangles are restricted to have a minimum
internal angle of 10 degrees. The computational results with
these two triangulations are shown in Table I. The CDT
performed better with respect to the percentage of successful
instances, mean cost of the objective and mean computation
times. The nonlinear program could not find a solution for
some instances. Due to the random generation of the
instances, it is possible that those instances may not have
any feasible solution. The computation times reported are
sufficiently fast for online trajectory generation.

TABLE 1

AVERAGE COMPUTATION TIMES
AND COST FOR 100 INSTANCES

Percent Mean Mean Comp.
Triangulation Success cost time
Delaunay 78% 12538 1.52 (secs)
CDT 84% 11506 1.02 (secs)

Flight Test

[0092] A flight test is conducted using a Martin UAV
Bat-4, a fixed-wing single engine pusher UAV obtained from
Martin UAV, Texas. The UAV is equipped with a Piccolo
Autopilot and a NVIDIA Jetson TX2, which is running a
copy of Unmanned Systems Autonomy Services (UXAS)
developed by the Air Force Research Laboratory, Aerospace
System Directorate, Power and Control Division. UxAS is
an extendable set of modular services aimed toward coop-
erative UAV mission management to handle the following
high-level capabilities of small unmanned aircraft systems
(sUAS): task planning, task assignment, task execution, path
planning, and sensor management.

[0093] For this flight test, the system functionality can be
described as follows. Initially, the aircraft is commanded to
loiter to the southwest of the start location. The planner
described herein initiates the plan based on a pre-defined
start location. This path is discretized into straight line
segments and sent to UXAS to follow. UXAS uses the air
vehicle state information that is broadcast from the autopilot
to compute heading commands to follow the path. Despite
the discretization of the trajectory that was generated by the
algorithm, the path following error for such paths is insig-
nificant.

[0094] The flight test takes place at Camp Atterbury
Indiana, and the scenario is depicted in FIGS. 7A and 7B.

Feb. 22, 2024

The figures depict a local tangent plane with units of meters
above Camp Atterbury. The obstacles are shown by the
triangles and the path for the (synthetic) AV, is a straight line
that runs from the left to the right at the top of the figures.
The path to following is the discretized path computed using
the same algorithm and code as described above and the
actual path is the telemetry of the UAV. For this initial test,
the start location for the planning is not computed based on
the position of AV,; instead, AV, is commanded to loiter
south-west of the start location. For this reason, the actual
path progresses to the path to follow, and the two paths
overlap between the hatch marks. The flight test verifies that
the algorithm is light-enough to be able to run on an
on-board ARM processor.

[0095] The disclosure of all patents, patent applications
(and any patents which issue thereon, as well as any corre-
sponding published foreign patent applications), and publi-
cations mentioned throughout this description are hereby
incorporated by reference herein. It is expressly not admit-
ted, however, that any of the documents incorporated by
reference herein teach or disclose the present invention.
[0096] While the present invention has been illustrated by
a description of one or more embodiments thereof and while
these embodiments have been described in considerable
detail, they are not intended to restrict or in any way limit the
scope of the appended claims to such detail. Additional
advantages and modifications will readily appear to those
skilled in the art. The invention in its broader aspects is
therefore not limited to the specific details, representative
apparatus and method, and illustrative examples shown and
described. Accordingly, departures may be made from such
details without departing from the scope of the general
inventive concept.

What is claimed is:

1. A method of planning a trajectory for an aerial vehicle
in an area from a start location to an end location, which area
has one or more obstacles therein, wherein said aerial
vehicle has a minimum turn radius, said method comprising
the steps of:

a) generating a safe corridor to account for obstacles in the
area in which the aerial vehicle will be traveling, said
step of generating a safe corridor comprising represent-
ing the flight corridor as a series of triangles, wherein
obstacles are defined as holes in the area between said
triangles;

b) defining a quadratic Bezier curve corresponding to
each triangle in the flight corridor, wherein each qua-
dratic Bezier curve has a pair of ends and a plurality of
control points, wherein said control points include an
initial control point and a terminal control point, and
bounding each quadratic Bezier curve to lie within the
corresponding triangle, wherein said quadratic Bezier
curves include an initial Bezier curve and a final Bezier
curve, and wherein the radius of curvature along all
portions of said quadratic Bezier curves is greater than
or equal to the minimum turn radius of the aerial
vehicle;

¢) constraining the terminal control point on the final
Bezier curve to align with the end location;

d) aligning said quadratic Bezier curves end-to-end to
form a trajectory comprising a path having a length,
wherein the tangent to the path is continuous along the
length of the path; and
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e) utilizing a nonlinear program to simultaneously solve
for the control points of all of the quadratic Bezier
curves.

2. The method of claim 1 wherein the method is used to
plan a trajectory among obstacles that determines a time of
arrival to a destination.

3. The method of claim 1 wherein the trajectory is
computed onboard an aerial vehicle while the aerial vehicle
is in flight.

4. The method of claim 1 wherein the method is used to
plan a trajectory for minimum time rendezvous with a
moving aerial object.

5. An aerial vehicle comprising:

a body;

a propulsion system joined to said body;

an on-board computing device inside said body for plan-
ning the trajectory of the aerial vehicle, wherein said
on-board computing device plans a trajectory for said
aerial vehicle, wherein said computing device is con-
figured to:
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generate a safe corridor to account for obstacles in the
area in which the aerial vehicle will be traveling by
representing the flight corridor as a series of tri-
angles, wherein obstacles are defined as holes in the
area between said triangles;

define a quadratic Bezier curve corresponding to each
triangle in the flight corridor, wherein each quadratic
Bezier curve has a pair of ends and three control
points, wherein said quadratic Bezier curves include
an initial Bezier curve and a final Bezier curve;

align said quadratic Bezier curves end-to-end to form a
trajectory comprising a path having a length wherein
the tangent to the path is continuous along the length
of the path; and

utilize a nonlinear program to simultaneously solve for
the control points of all of the quadratic Bezier
curves.

6. The aerial vehicle of claim 5 comprising a pair of fixed
wings joined to said body.
7. An unmanned aerial vehicle according to claim 5.

#* #* #* #* #*



