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APPARATUS AND METHOD FOR ACOUSTIC
IMAGING USING INVERSE SCATTERING
TECHNIQUES

BACKGROUND

1. Field of the Invention

The present invention relates to an apparatus and
method for acoustic imaging, which is defined herein to
mean electronic reconstruction and display of the size,
shape, and internal elastic and viscous properties (e.g.,
density, acoustic speed, and acoustic energy absorption)
of an object or material. More particularly, the present
invention relates to an apparatus and method for acous-
tic imaging using inverse scattering techniques.

2. The Prior Art

It has long been known that acoustic waves in the
frequency range of a fraction of a cycle per second up to
hundreds of millions of cycles per second and higher
can be propagated through many solids and liquids.
Acoustic energy waves may be partially reflected and
partially transmitted at the interface between two media
of different elastic properties. The product of material
density and sonic wave velocity is known as the acous-
tic impedance, and the amount of reflection which oc-
curs at the interface between two media is dependent
upon the angle of incidence and the amount of change
in the acoustic impedance from one medium to the
other. This concept of reflection from layers may be
generalized to reflection from small regions of arbitrary
shape. If the regions of differing impedance are of the
order of a wavelength or smaller, the refiection is no
longer specular, but diffuse. In this case, the more gen-
eral term of scattering is used to include both specular
and diffuse reradiation of energy. It is also seen that
scattering is produced not only by fluctuations in impe-
dance, but also by fluctuations in speed of sound, com-
pressibility, density, and absorption. The net property
of an object which describes this phenomenon is called
the scattering potential.

These principles have been used for imaging reflect-
ing bodies within a propagation medium. In terms of
scattering theory, the direct or forward scattering prob-
lem is concerned with a determination of the scattered
energy or fields when the value and distribution of the
elastic or electromagnetic properties of the body (i.e.,
scattering potentia) or the distribution of the particles
doing the scattering are known. The inverse scattering
problem consists in the use of scattered electromagnetic
and/or acoustic waves to determine the internal mate-
rial properties (i.e., scattering potential) of objects from
the information contained in the incident and scattered
" fields. In other words, as defined herein, acoustic imag-
ing using inverse scattering techniques is intended to
mean electronic reconstruction and display of the size,
shape, and unique distribution of material elastic and
viscous properties of an object scanned with acoustic
energy, i.e., reconstruction of that scattering potential
which, for a given incident field and for a given wave
equation, would replicate a given measurement of the
scattered field for any source location.

Acoustic imaging through the use of inverse scatter-
ing techniques has been a much studied problem in
fields which are as diverse as seismic geophysical sur-
veying, nondestructive testing, sonar, and medical im-
aging. Such inverse scattering techniques would be of
particular interest because of the ability to provide ac-
curate quantitative as well as qualitative image values
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when using such techniques. However, the use of com-
plete inverse scattering techniques in acoustic imaging
is generally considered to be so difficult that it has been
common to employ methods which lead merely to ap-
proximations rather than actual image values. For ex-
ample, one approach used in holographic imaging and
seismic imaging is to “back propagate” the detector
field measurement into the object, usually assuming as a
model a homogeneous or a one-dimensional layered
distribution of wave propagation speed. The images
obtained are images of the source of the scattered fields,
and thus only indirectly provide an indication of inter-
nal structure of material properties. Many of such tech-
niques are described in the Acoustical Imaging series,
volumes 1-13, published by Plenum Press, Inc.

In the case of medical diagnostic imaging, quantita-
tive tissue characterization based on approximate or
theoretically incomplete inverse scattering techniques
are now being investigated for inclusion on clinical
pulse echo scanners, also known as B-scanners. How-
ever, tissue characterization using such scanners is
based on 180 degree backscattering from structural and
statistical properties of tissues and not on determining
absolute tissue properties, per se. The statistical proper-
ties of tissues, e.g., texture or the spatial Fourier trans-
form, are often correlated with the state of health or
disease and are therefore valuable, but they are not easy
to measure quantitatively using present incomplete or
approximate inverse scattering techniques. thus, while it
is possible with the present state of the art to obtain
some quantitative information about tissue properties
from B-scans, it is not possible to obtain absolute me-
chanical properties of such tissues.

In summary, prior art apparatus and methods which
have been used to date do not take into account such
problems as multiple orders of scattering compensation
for refraction, frequency dependent effects of density
on scattering properties of the object, changes in acous-
tic absorption based on changes in frequency of the
acoustic energy, or boundary value measurements of
the incident field, scattered field, and scattering proper-
ties of the object. All of these problems may signifi-
cantly affect image quality. Yet the prior art has largely
ignored these problems by using approximations or
assumptions which avoid having to account for such
problems when reconstructing the image. Accordingly,
it would be an important advance in the state of the art
to be able to provide acoustic imaging using inverse
scattering techniques which provide an image of the
actual material properties of an object (and not just the
internal fields) without use of perturbation or other
drastic approximations, such as the well-known ray
optics, single scattering, Born, or Rytov approxima-
tions. Such an apparatus and method are described and
claimed herein. )

BRIEF SUMMARY AND OBJECTS OF THE
. INVENTION

The apparatus and method of the present invention
provide high-quality images with high-spatial resolu-
tion of an object, including the actual internal viscous
and elastic properties of the object, derived from acous-
tic energy propagated through the object and scattered
by it. The apparatus and method include means for
sending and receiving acoustic energy waves and for
reconstructing the image using state-of-the-art electron-
ics to optimize the system’s speed and resolution capa-
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bility. Improvements to resolution quality of the recon-
structed image, including accurate quantitative imaging
of the actual internal elastic and viscous properties of
the object (e.g. density, acoustic speed, and acoustic
absorption),are achieved using high-speed computer-
aided data analysis baded on new inverse scattering
techniques.

1t is therefore a primary object of the present inven-
tion to provide an improved apparatus and method for
acoustic imaging.

Another primary object of the present invention is to
provide an apparatus and method for reconstructing
acoustic images of the actual internal material proper-
ties of an object using inverse scattering techniques, but
without degrading image quality through the use of
often effectively drastic approximations, such as geo-
metrical or ray acoustic approximations or perturbation
theories that include the Born or Rytov approximations.

Another object of the present invention is to provide
an apparatus and method for improving the spatial reso-
lution of an image derived from scattered acoustic en-
ergy by more accurately taking into account refraction
and diffraction effects.

A further object of the present invention is to provide
an apparatus and method which is capable of providing
high-spatial resolution of elastic and viscous material
properties from scattered energy, even though the de-
tected energy has undergone multiple scattering events.

Still another important object of.the present inven-
tion is to provide an apparatus and method which is
capable of providing improved spatial resolution and
actual quantitative material properties of an object re-
constructed from scattered acoustic energy, but which
is still capable of high-speed reconstruction of the im-
ages of these properties.

A further object of the present invention is to provide
an apparatus and method for obtaining quantitative
images of high-quality and high-spatial resolution of
multiple elastic and viscous material properties in geom-
etries where the source or receiver locations do not
completely circumscribe the object or where the solid
angles defined by the source or receivers with respect
to the body are small.

A further object of the present invention is to provide
quantitative images of speed of sound and attenuation
that can be used to correct more conventional images,
such as B-scan or synthetic focus for blurring due to
refractive and attenuation effects.

These and other objects and features of the present
‘invention will become more fully apparent from the
following description and appended claims taken in
conjunction with the accompanying drawings.

BRIEF DESCRIPTION OF THE DRAWINGS

FIG. 1 is a side-elevational view shown partially in
cross section which schematically illustrates an acoustic
scanner which may be used with the apparatus and
method of the present invention.

FIG. 2 is a perspective view illustrating one type of
configuration which may be used for the transducer
arrays employed in the scanner of FIG. 1.

FIG. 3.is a top view of the transducer arrays shown
in FIG. 2.

FIGS. 4A—4B are schematic diagrams illustrating one
embodiment of an electronic system that may be used to
implement the apparatus and method of the present
invention.
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FIG. 4C is a schematic illustration of a circular trans-
ducer array showing a method of electronically multi-
plexing the array elements to eliminate the need for
mechanical rotation.

FIG. 4D is a further illustration of pure electronic
multiplexing of a linear transducer array.

FIG. 4E is an electrical schematic diagram showing
how the elements in FIGS. 4C and 4D may be switched
to act as either a transmitter or receiver by use of an
active switch.

FIG. 4F illustrates how a passive network may be
used to allow each element of an array to be used for
both transmitting and receiving.

FIGS. 5A-5B are schematic diagrams illustrating
another embodiment of an electronic system that may
be used to implement the apparatus and method of the
present invention.

FIGS. 6A-6F are schematic flow diagrams which
illustrate an example of one presently preferred method
by which the electronic systems of FIGS. 4 and 5 are
able to rapidly develop a reconstruction of the image of
an object from scattered acoustic energy using inverse
scattering techniques.

FIGS. 7A-7E schematically illustrate another
method by which the electronic systems of FIGS. 4 or
5 may implement inverse scattering techniques to
acoustically image an object.

FIGS. 8A-8L schematically illustrate still another
method for implementing inverse scattering techniques
using the systems of FIGS. 4 or 5.

FIG. 9 is a photograph of a television display screen
showing an image that simulates a cancer and an actual
image obtained as the inverse scattering solution using
the method and a computer simulation of the apparatus
of the present invention.

Reference is now made to the figures wherein like
parts are designated with like numerals throughout.

DETAILED DESCRIPTION

The apparatus and method of the present invention
holds promise for many useful applications in various
fields, including seismic surveying, nondestructive test-
ing, sonar, and medical ultrasound imaging, to name just
a few. For purposes of illustrating the utility of the
present invention, the detailed description which fol-
lows will describe the apparatus and method of the
invention in the context of a system for use in perform-
ing ultrasound imaging of human organs, such as the
breast. However, it will be appreciated that the present
invention as claimed herein may be used in other fields,
and is not intended to be limited solely to medical
acoustic imaging.

1. The Scanner and Transducer Configuration

Reference is first made to FIG. 1 which generally
illustrates one type of scanner which may be used to
implement the apparatus and method. of the present
invention for purposes of medical ultrasound imaging of
a human breast or other organs. As shown in FIG. 1, the
scanning apparatus generally designated at 30 includes a
fixed base 32. Wheels 38 and 40 are attached to the
underside of a movable carriage base 34. Small shoul-
ders 42-45 formed on the upper surface of cylindrical
pedestal 36 define a track along which the wheels 38
and 40 are guided.

A stepping motor 46 mounted within the fixed base
32 is joined by a shaft 48 to a small pinion gear 50.
Pinion gear 50 engages a large drive gear 52. Pillars
54-87 are rigidly joined at one end to the top of drive
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gear 52 and at the opposite end to the underside of
movable carriage base 34. Bearing block §8 supports
drive gear 52 and movable carriage base 34.

Stepping motor 46 may be operated to turn the drive
gear 52 which in turn will cause the movable carriage
base 34 to rotate on top of the cylindrical pillar 6 within
the tracks defined by shoulders 42-45. As hereinafter
more fully described, rotation of the movable carriage
base 34 may be employed to insure that an object is fully
scanned from every possible angle.

With continued reference to FIG. 1, it will be seen
that movable carriage base 34 has an inner cylindrical
wall 60 and an outer cylindrical wall 62. The outer wall
62 and inner cylindrical wall 60 of movable carriage
base 34 define a generally cylindrical chamber 64. Ver-
tical drive motor 66 is mounted within chamber 64 and
is connected by a shaft 68 to a circular ring of trans-
ducer arrays generally designated at 70. Vertical drive
motor 66 permits the circular ring of transducer arrays
70 to be vertically adjusted. Slide bracket 72 is mounted
within the chamber 64 and serves to slidably guide the
ring of transducer arrays 70 when it is vertically ad-
justed.

The ring of transducer arrays 70 is electrically con--

nected through line 74 to components of an electronic
system which may be housed in part within the chamber
64, as schematically indicated at 76. As hereinafter more
fully described, the electronic system is used to control
transmission and reception of acoustic signals so as to
enable reconstruction therefrom of an image of the
object being scanned.

Circular bracket 78 is attached to the top of the outer
wall 62 of movable carriage base 34. A flexible, trans-
parent window 80 extends between circular bracket 78
and the inner cylindrical wall 60 so as to enclose the
transducer arrays 70 and stepping motor 66 within the
chamber 64. The length of flexible window 80 is greater
than the distance between bracket 78 and inner cylindri-
cal wall 60. Window 80 thus serves as a flexible yet
water-tight seal which permits vertical motion of the
transducer arrays 70 for purposes of vertical focusing.
Acoustically transparent window 80 may be made of
any suitable material, such as plastic or rubber.

A stationary water tank generally designated 86 is
adapted to fit within the movable carriage base 34.
Water tank 86 consists of a fixed top plate 88 rigidly
attached to vertical support bars 82 and 84. Support
bars 82 and 84 are mounted on the fixed based 32. The
Iength of support bars 82 and 84 is chosen such that the
fixed top plate 88 of water tank 86 will be slightly sus-

_ pended above the bracket 78 of movable carriage 34.

Thus, a space 87 is provided between bracket 78 and
fixed top plate 88. Additionally, a space 89 will be pro-
vided between side 94 and bottom 95 of water tank 86
and cylindrical wall 60 and bottom 61 of movable car-
riage 34. A third support bar 83 extends through a cen-
tral hole (not shown) provided in block 58 and drive
gear 52. Support bar 83 also extends through a water-
tight opening 84 provided in the bottom 61 of movable
carriage 34. Support bar 83 thus helps to support water
tank 86 in spaced relation from movable carriage 34.
Since water tank 86 is suspended in spaced relation from
movable carriage base 34, water tank 86 will remain
stationary as movable carriage 34 is rotated. As herein-
after more fully described, rotation of the carriage 34
permits the transducer arrays 70 to scan the object 98
from every possible position around the object 98.

10

25

45

55

60

65

6

Fixed top plate 88 has a short downwardly extending
lip 90 which extends over the end of circular bracket 78.
A rubber-covered window 92 extends between the lip
90 and side 94 of the water tank. Window 92 encloses
within space 89, water 977, or some other suitable
acoustic medium so as to acoustically couple the trans-
ducer array 70 to the water 96 contained in tank 86. The
rubber-covered window 92 also permits acoustic en-
ergy signals to be transmitted therethrough by the trans-
ducer arrays 70 and insures that the patient will be
protected in the event window 92 should be broken.

The scanning apparatus generally described above
may be employed to scan various part os the human

- anatomy as, for example, a patient’s breast, as schemati-

cally illustrated at 98.

Reference is next made to FIGS. 2-3. FIG. 2 gener-
ally illustrates one suitable type of transducer configura-
tion for the transducer arrays of FIG. 1. As shown in
FIG. 2, the transducer configuration consists of eight
transmitter arrays 100-107 and eight corresponding
receiver arrays 108-115. The transmitter array 100-107
are thin, cylindrically-shaped transducer arrays which
provide point-source or line-source segment transmis-
sion of acoustic energy. The receiver arrays 108-115 are
arcuately shaped arrays which are interposed between
each pair of transmitter arrays 100-107. For purposes
hereinafter more fully described, every other receiver
array (e.g.. receiver arrays 108, 110, 112 and 114) has a
shortened arcuate length.

Each of the transducer arrays 100-115 may be any of
several well-known types of transducers. For example,
transducers 100-115 may be piezoelectric transducers
which produce ultrasound energy signals directly from
high-frequency electrical voltages applied to the trans-
ducer. Alternatively, the transducer arrays 100-115
may be magnetostrictive transducers having a magnetic
coil (not shown) which receives the electrical oscilla-
tions and converts them into magnetic oscillations
which are then applied to the magnetostrictive material
to produce ultrasound energy signals.

With continued reference to FIG. 1, it will be seen
that the transducer arrays 100-115 are arranged so as to
form a cylindrical ring of arrays which encircles the
object 98. By encircling the object with the transducer
arrays 100-115, the arrays 110-115 may be quickly
commutated by either mechanical methods, electronic
methods or by a combination of both methods so as to
completely scan the object in a much shorter time. In
the illustrated embodiment, commutation is achieved by
both mechanical rotation by stepping motor 46 and by
electronic triggering of transmitter arrays 100-117 in
sequence, as described more fully below.

Commutation of the transmitter arrays 100-107 per-
mits acoustic energy to be transmitted from every possi-
ble position about the object, thus insuring that the data
received (i.e. scattered acoustic energy) is complete.
Commutation of the receiver arrays 108-115 insures
that all spaces between receiver arrays 108-115 (known
as “sound holes”) will be covered, thus providing for
accurate collection of all acoustic energy that is trans-
mitted through or scattered by the object 98. However,
commutation of the receiver arrays 108-115 is not nec-
essary where transmitter arrays 100-107 are also used to
receive acoustic signals. The circular configuration of
transducer arrays 100-115 permits certain parts of the
body to be scanned which would otherwise be inacces-
sible because of bones or other obstructions of the tis-
sue.
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The method for commutating the arrays 100-115 is
best understood by reference to FIG. 3. First, each of
the transmitter arrays 100-107 is sequentially triggered
SO as to transmit acoustic energy. Immediately after
each transmitter array 100-107 is triggered, arrays
108-115 receive acoustic energy signals that have been
either transmitted through or scattered by the object
being scanned. Once this procedure has been followed
for each of the transmitter arrays 100-107, the ring of
arrays 70 is then mechanically rotated counterclock-
wise through a small angle, as schematically repre-
sented by arrow 116. The mechanical rotation is
achieved by the stepping motor 46 (see FIG. 1) which
rotates the movable carriage base 34, as described
above.

After rotation of the arrays 100-115 to a second posi-
tion, each of the transmitter arrays 100-107 is again
sequentially triggered and data are again collected
through receiver arrays 108-115. This procedure is
repeated until acoustic energy has been transmitted at
each possible point about the object.

Where the arrays 100-107 are used only for transmit-
ting acoustic energy, a second series of rotations must
then be effected to cover the sound holes between each
pair of receiver arrays 108-115. For example, by rotat-
ing transmitter array 101 to the position occupied by the
transmitter array 100, receiver arrays 109, 111, 113 and
115 will, because of their longer arcuate length, cover
the spaces previously occupied by transmitter arrays
101, 103, 105 and 107. This procedure is repeated until
all sound holes have been covered.

It should be noted that for a fixed circumference by
decreasing the length of each array and increasing the
number of arrays, electronic commutation may be used
to reduce the angle through which the ring of trans-
ducer arrays must be rotated to achieve complete col-
lection of both echo and transmission data.

It should also be noted that, in principal, no mechani-
cal rotation of the array of detectors is necessary if
every element is small enough and can be made to act as
either a receiver or transmitter. Such an arrangement is
more expensive than the technique illustrated in FIGS.
1, 2, and 3.

2. The Electronic System

Reference is next made to FIGS. 4A-4B which sche-
matically illustrate an electronic system which may be
used to implement the apparatus and method of the
present invention. As hereinafter more fully described,
the electronic system generates the acoustic energy that
is propagated through and scattered by the object 98.
“The electronic system thereafter detects and processes
the acoustic energy signals that are scattered by and
transmitted through the object 98, and then communi-
cates the processed signals to a computer (CPU) which
interprets the signals and outputs the result in the form
of a visual display or printed output.

. In the transmission mode, CPU 118 causes an oscilla-
tor 128 to output a waveform which is amplified by a
power amplifier 130 before being sent through multi-
plexer 132 to one of the transmitters. CPU 118 controls
the multiplexer 132 so as to sequence each transmitter
array 100-107 used to generate the acoustic energy
propagated through the acoustic medium and object. If
desired, after it is amplified, the waveform can also be
input to an impedance matching transformer (not
shown) and to a series of RC or RLC networks con-
nected in parallel across the transmitter arrays 100-107
as illustrated and described in U.S. Pat. No. 4,222,274
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(hereinafter the Johnson 274 patent), which is incorpo-
rated herein by reference. The impedance matching
transformer may be used to achieve maximum power
transfer while the RC or RLD networks may be used to
distribute power across each transmitter array 100~-107
in a way that decreases the side lobes in the transmitted
signal.

Each of the acoustic receivers 108-115 (FIG. 2) are
connected through a multiplexer 134 which is also con-
trolled by CPU 118. In the receive mode, the detected
signals may also be input through a delay line (not
shown) to an analog adder and time variable gain circuit
(not shown) to vertically focus the signals and to com-
pensate for signal attenuation, as shown and described
in the Johnson *274 patent. CPU 118 causes multiplexer
134 to sequence in turn each of the acoustic receivers
108-115 so as to gather transmitted or scattered acoustic
energy around the entire circumference of the object.
From receiver multiplexer 134, detected acoustic en-
ergy signals are amplified by a preamplifier 136 which
may be used to logarithmically amplify the detected
signal to reduce storage space required for each signal
after it is digitized. The amplified signal is then pro-
cessed by a phase detector 138.

The operation and components of phase detector 138
are best illustrated in FIG. 4B. As there shown, phase
detector 138 receives the amplified signal as schemati-
cally represented by line 137 on which the signal is
input to multipliers 154 and 156. The signal generated
by oscillator 128 is input as shown at line 150 to one of
the multipliers 156, and the signal from oscillator 128 is
also shifted 90 degrees by the phase shifter 152 and then
input as shown at line 153 to the other multiplier 154.
Thaus, each signal detected at the acoustic receivers is
multiplied at muitiplier 154 by a signal which is 90 de-
grees out of phase with the signal which is used to mul-
tiply the detected signal at the other multiplier 156.
During the receive mode, the switch controller 158 and
reset 166 are controlled as shown at line 123 by CPU
118 so that controller 158 closes each switch 164 and
165 after integrators 168 and 170 are reset. The resulting
signals from multipliers 154 and 156 are then filtered by
low-pass filters 160 and 162 and integrated by integra-
tors 168 and 170. The integrated signals are then output,
as shown at lines 139 and 140 to the analog to digital
converters (ADCs) 142 and 143 (see FIG. 4A). The two
signals which are output by phase detector 138 elec-
tronically represent the real and imaginary mathemati-

. cal components of the acoustic signals which are de-
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tected at the acoustic receivers 108-115.

Once the received signals have been digitized, they
are input and stored in the memory of an array proces-
sor 120. Alternately, a parallel processor or other spe-
cial purpose high-speed computational device may be
used for even higher computational speed. As hereinaf-
ter more fully described, CPU 118 in combination with
the array processor 120 are programmed to then recon-
struct the acoustic image using inverse scattering tech-
niques, several alternatives of which are described more
fully in Examples 1-3 of section 3 below. Once the
acoustic image is reconstructed, it may be output either
visually at a display 124 or in printed form at printer
122, or stored on a disc or other storage medium 123.
Mechanical scan devices represented at 126 correspond
to the motors 46 and 66 (FIG. 1) for controlling com-
mutation and vertical positioning at the transmitter and
receiver arrays 100-107 and 108-115, and are controlied
by CPU 118.
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Reference is next made to FIGS. 4C—4F which sche-
matically illustrate how electronic multiplexing may be
used to eliminate the need for mechanical rotation, thus
further enhancing system performance. In particular,
FIG. 4C shows n transducer elements 131a through
131n of a circular array closely spaced to form a contin-
uous array surrounding the body. The array is shown as
a one-dimensional structure, but clearly could be a two-
dimensional structure as in FIG. 2. FIG. 4D illustrates
the n elements 131z through 131x arranged in a linear
fashion. It is also clear that a planar or checkerboard
two-dimensional array of elements could be used.

Such one-dimensional and two-dimensional arrays of
receivers and transmitters have a direct application to
advanced medical imaging instruments where motion of
the array is undesirable or in seismic exploration in
which such movements are difficult. FIG. 4E illustrates
how each element 131a through 131n may be switched
to either a transmitter circuit or a receiver circuit. Here,
for example, element 131a is switched by switch 137a to
either a transmitter circuit 133a or a receiver circuit
1354. FIG. 4F shows how a passive network of diodes
and resistors may be used to allow a single element to
act as either a transmitter or a receiver, or in both ca-
pacities. For example, in the transmit mode, diodes 139
are driven into conduction by transmit signal on line
135¢. With two silicon diodes in series in each parallel
leg, the voltage drop is a few volts. Thus, for an applied
transmit signal of 20 volts or more, only a small percent-
age of signal power is lost across diodes 139. Diodes 139
are arranged in a series parallel network so that either
polarity of signal is passed to transducer element 1314
with negligible loss. In the transmit mode, resistors 145,
147, and 149 and dicdes 141 and 143 prevent excessive
and harmful voltage from appearing at output 133 that
leads to the preamplifier multiplexer, or analog-to-digi-
tal circuits that follow. In operation, resistor 145, diode
141, and resistor 149 act as a voltage divider for the
large transmit voltage present at the transducer element
131a. Diodes 141 are arranged with opposing polarity
to provide a path for any polarity of signal above their
turn on voltage of about 0.7 to 1.0 volts. The values of
resistors 145 and 149 are typically so that the impedance
of resistor 145 is greater than or equal to that of the
internal impedance of transducer element 131a. Resistor
149 is chosen to be some fraction of resistor 145, such as
one-fifth. Resistor (resistor 147) typically is chosen to be
about equal to the resistance of resistor 149. Thus, dur-
ing transmission, the voltage appearing at output 133z is
only the conduction voltage drop across diodes 143.

.In the receiving mode, signals received at transducer
- element 131a are typically less than one diode voltage
drop (about 0.7 volt) and thus are isolated from trans-
mitter 1354, since point 1354 is a ground and diodes 139
are not conducting. Diodes 141 and 143 are not con-
ducting and therefore output 1334 is not shunted. Thus,
the preamplifier following 1332 would only see an im-
pedance of resistor 145 plus resistor 147 plus that of the
transducer element 131a. In practice, resistor 145 plus
resistor 147 can be made about equal to or less than the
_ impedance of transducer element 131a to minimize sig-
nal loss. It is clear that the principles illustrated in
FIGS. 4C—4F may also be applied in the case of wide
bandwidth signal transmission as described further
below in connection with FIGS. 5A-5B.
FIGS. 5A and 5B schematically illustrate another
electronic system which can be used to implement the
apparatus and method of the present invention. In FIG.
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5A, oscillator 128 has been replaced by waveform gen-
erator 129 that can produce repetitive narrow band-
width signals or a wide bandwidth signal. The advan-
tages of using a suitable wide bandwidth signal is that in
one transmit-receive event, information at all frequen-
cies of interest may be collected. Typically, it will be
preferable to scan the object under consideration with
signals having several different frequencies. This may
be especially true in cases where it is not possible to
encircle the object with a ring of transducer arrays, as in
the case of seismic imaging. Moreover, by using multi-
ple frequencies, it will typically be possible to obtain
more data for use in reconstructing the image. The
lowest frequency used for the signal must be such that
the wavelength of the signal is not significantly larger
than the object to be imaged. The highest frequency
must be such that the acoustic signal may be propagated
throngh the object without being absorbed to such an
extent as to render detection of the scattered signal
impossible or impractical. Thus, depending upon the
absorption properties and size of the object which is to
be scanned, use of multiple frequencies within the range
indicated will typically enhance the ability to more
accurately reconstruct the image of the object.

The use of multiple frequencies or signals containing
many frequencies also has the advantage of obtaining
data that may be used to accurately reconstruct fre-
quency dependent material properties, such as the Tay-
lor series expansion coefficients of absorption as de-
scribed in section 4 below.

In the electronic system of FIG. 4A, in order to scan
the object using multiple frequencies, the frequency of
oscillator 128 must be changed several times at each
transmitter position. This increases the time involved in
transmitting and detecting the scattered acoustic energy
from which the image is reconstructed. In the elec-
tronic system of FIG. 5, a special waveform is used
which inherently includes multiple frequencies within
it. The type of waveform generated by waveform gen-
erator 129 may be the well-known Tanaka-Iinuma ker-
nel or the Ramachandran and Lakshiminaraynan ker-
nel, as illustrated and described in the Johnson *274
patent. Swept frequency signals such as the well-known
frequency modulated chirp or other types of waveforms
could also be used to provide acceptable results.

As shown in FIG. 5B, the waveform generator 129
basically comprises five elements. An electronic mem-
ory device 178 is connected to the CPU 118 through
read-and-write lines 179 and 181. CPU 118 determines
the numerical value for a series of discrete points on the
selected waveform. These numerical values are stored
in binary form in memory device 178. Each of the dis-
crete values stored in the memory device 178 is then
sent to a digital to analog converter (DAC) 180. DAC
180 then transforms each of these digital values into a
corresponding analog pulse which is then input to a
sample and hold circuit 182. Sample and hold circuits,
such as that schematically illustrated at 182, are well-
known in the art and operate to hold each analog signal
for a predetermined period of time. Counter-timer 184 is
used to control the amount of time that each signal is
held by the sample and hold circuit 182. Clock and
synchronizer 183 is triggered by computer 118 and
advances the memory address in memory 178, synchro-
nizes the DAC 180, and controls the sample and hold
182.

With each clock pulse from counter-times 184, the
sample and hold circuit 182 retrieves one of the analog
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signals from DAC 180 and then holds the value of that
signal for the duration of the clock pulse. Sample and
hold circuit 182 thus outputs the approximate shape of
the desired waveform which is then input to a low pass
filter circuit 186 which is used to smooth the shape of
the waveform before amplification and transmission
through multiplexer 132 to one of the transmitters.

The electronic system of FIG. 5A also differs from
the system shown in FIG. 4A in that the amplified ana-
log signals output by the preamplifier 136 are ditigized
by a high-speed analog-to-digital converter 144 rather
than being input to a phase detector. The digitized sig-
nals are then transformed by a complex fast Fourier
transform (hereinafter “FFT") operation provided by a
parallel processor 146 prior to being input and stored in
the memory of the CPU 118. As described further in
section 3 below, CPU 118 then reconstructs the image
using a novel inverse scattering technique. Use of array
processor 120 with CPU 118 in FIG. 4A and parallel
processor 146 with CPU 118 in FIG. 5A is arbitrary and
in principle either array processor 120 or parallel pro-
cessor 146 or special purpose hard wired computational
hardware could also be used in either FIG. 4A or SA to
accomplish the image reconstruction, as described fur-
ther in sections 3.

3. The Method of Image Reconstruction Using In-
verse Scattering Techniques

In order to reconstruct the acoustic image of an ob-
ject which has been scanned with acoustic energy, it is
first necessary to acquire a complete set of signals
which have been scattered and transmitted through the
object. As previously described, this may be accom-
plished in the illustrated embodiment by encircling the
object 98 (see FIG. 1) with a ring of transducer arrays
70 (see FIGS. 2-3). Each transmitter array 100-107 is
sequentially triggered in a first position so as to propa-
gate a series of acoustic signals at multiple frequencies.
After each transmitter array 100-107 is triggered, re-
ceiver arrays 108-115 are used to receive the scattered
acoustic energy. The ring of transducer arrays 70 is then
mechanically or electronically commutated as de-
scribed previously and the process is then repeated. The
ring of transducer arrays 70 is commutated as many
times as needed in order to transmit acoustic signals at
multiple frequencies from each point around the object.
In other words, data are transmitted at multiple fre-
quencies and received at each position around the ob-
ject 98 so as to insure a complete set of both echo and
transmission data.

After the scattered acoustic energy signals have been
detected by the receiver arrays, the signals are pro-
cessed, as described above in connection with FIGS. 4
and 5, in order to develop an electronic analog that
represents the real and imaginary components of each
signal and in order to digitize each analog signal prior to
its input to the CPU 118. CPU 118 is programmed to
reconstruct the acoustic image of the object using novel
inverse scattering techniques. The resulting acoustic
image thus contains information which can be used to
display not only the size and shape of the object, but
also the internal material properties at each scattering
point within the object. These properties, including
tissue density, absorption, and speed of sound, can be
used to provide a much more accurate overall picture
which shows not only the size and shape of the object,
but also the state at each scattering point within the
object. This additional information can be highly useful
in helping to more accurately diagnose the state of the
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tissue in the case of medical ultrasound imaging, or in
providing much additional useful information in other
fields such as seismic surveying or the like.

To better understand the data processing steps used
to implement the inverse scattering techniques used in
reconstructing an acoustic image in accordance with
the present invention, it is helpful to examine the imple-
mentation of the data processing steps using several
different examples. Accordingly, reference is next made
to a description of several presently preferred examples
for implementing the data processing techniques, al-
though it should be understood that the apparatus and
method of the present invention are not necessarily
limited to the examples which follow.

EXAMPLE 1
Image Reconstruction in the Case of Simple Scattering
Potentials for Single and Multiple Frequency Data

In this example, 2 model is described for reconstruct-
ing an image from the special scattering potential given
by y=1—c/e(x)+Ra(x)c lwe(x)], where a(x-
Y=asw". This scattering potential does not include the

.effect of inhomogeneous density variations (i.e., fre-

quency dependent absorption), but it does include the
effect of a single term of frequency dependent absorp-
tion. In many materials, no=1, i.e., a(x)=aow, is a good
approximation to the frequency dependence of absorp-
tion.

Two important equations for modeling the propaga-
tion of sound through an inhomogeneous fluid-like
body immersed in a homogeneous fluid bath are the
Helmholtz wave equation (the inhomogeneous form)
and the Riccati wave equation. These equations are
often used to model the scattering of sound by such a
body and are related by the transform p(x) =po(x)e)
and are given, respectively, by

V2p(x)-+ko?p(X) =K Py (x)P(X) (12)

V2(x)+ Vo) Vo(x)+2Vin
PAXI Vo) —kly(x)=0 (1b)
where k2=w?/c,?, ¢,? is a constant speed of sound
(usually taken in the fluid bath), @ is constant angular
frequency, p(x) is acoustic pressure, and po(x) is acoustic
pressure in the incident field. Here, v is the scattering
potential given by
y=1-ct/H@D) + 2@/ wcx)] (2a)
where c(x) is the speed of sound in the body. Here, a
contains absorption information and is essentially equal
to the linear absorption coefficient for weak scattering,
e.g., in soft tissues. The equations above may be modi-
fied to include variations in density p within the body,
but such generalization leads to more complicated equa-
tions. Fortunately, they can be transformed to a form
equivalent to equation (1a), except p in equation (1a) is
now replaced by p(x)[p(x)}}, where p(x) is the density.
Since the scattered field is usually measured in the ho-
mogeneous bath or in material where p is a known
constant, equations (1a) and (1b) may still be used to
find a new and more complete scattering potential
7[c(®) , p(x) , a(x), »]. This more complete scattering
potential containing density is given by

7=14—002/CZ(X)+17-coza(X)/[wC(X)]+[C02/w2]P5VZ -
-3, . {2b)

»

o
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A model for determining the scattering potential given
by equation (2b) is described in Example 2 below.
Although equations (la) and (1b) are equivalent as
related by the above transform, they have different
mathematical properties and physical interpretations. If
p is the total pressure field and if p,, the incident pres-
sure field, is defined to be the field in the absence of the
body, then w/i can be given a physical interpretation
and is the complex phase difference between the total
field and the incident field. The quantity w/ik, has di-
mensions of length and may be considered to be like an
optical path length. The quantity w/ikec,=w/iw has
units of time and may be considered to be an average
time of arrival of the scattered field. For complex ob-
jects, these intuitive interpretations may become diffi-
cult to visualize or use, but the simple idea of the real
part of w/i being a phase shift and the imaginary part of
w being the ratio of the moduli of incident and the total
fields is still valid. For ultrasound computed tomogra-
phy (often abbreviated UCT) in soft tissues, the scatter-
ing potential vy is usually small, e.g., [|y| =0.1} is typi-
cal, and the change in p per wavelength due to attenua-
tion is small; therefore, w is a more slowly changing
function than p. This may reduce the sampling fre-
quency to represent w or lead to greater accuracy in
determining w at a given sampling frequency. Thus, for
UCT, linearizing equation (1b), i.e., the Rytov approxi-
mation, produces superior images as opposed to linear-
izing equation (1a), i.e., the Born approximation.
Historically, equations (1a) and (1b) have been used
to provide UCT images only when modified by certain
approximations, such as those of Born or Rytov. Such
approximation solutions are described by Wolf 1, Muel-
ler et al.2 and Norton et al.3 As noted above, the results
achieved by using such approximations do not lead to
reconstruction of an acoustic image that accurately
represents the actual internal material properties of the
object. However, in the method employed in this inven-
tion, the Born or Rytov approximations are not used
and yet the resulting acoustic image contains all orders

of scattering information.

twolf, E., “Three-Dimensional Structure Determination of Semitrans-
pa;gm Objects from Holographic Data,” Optics Commun. 1, 153156
1969). .

sMuel]cr, R. K., Kaveh, M., and Wade, G., “Reconstructive Tomogra-

ghy and Applications to Ultrasonics,” Proc. JEEE 67, 567-587 (1979).
Norton, S. J. and Linzer, M., “Ultrasonic Reflectivity Imaging in

Three Dimensions; Exact Inverse Scattering Solutions for Plane, Cylin-

drical, and Spherical Apertures,” IEEE Trans. Biomed. Engineering

BME-28, 202-220 (1981).

The following explanation of notation is given to
facilitate obtaining an understanding of the invention.
The scattering potential v changes from point to point
within an object or body as well as changing with fre-
" quency of the incident field. Thus, 7. means yu(x;) or
the scattering potential at pixel j or point j for incident
field at frequency . y107 then means the set of all values
of yujat all j and also may be considered to be the vec-
tor composed of all values of j, i.e., Yo={yqj}. Like-
wise, 1y is a vector composed of samples at all x;and at
all frequencies, i.e., Y={yo}={{yw}}. To emphasize
the vector nature of a variable, a bar is placed under-
neath said variable, e.g., y={yo}={{y«}} above, the
curly brackets { } are placed around a vector compo-
nent, e.g., {vu}, to indicate that the complete set of
components, i.e., a vector, is called for. The same nota-
tion will apply to other variables, e.g., the fields fu.g, as
well.

In the case of the Helmholtz equation (1a), let f repre-
sent some field such as p or [ppt]. Then the Helmholtz
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wave equation (1a) in f may be transposed to an integral
equation with built in boundary conditions, as follows:

65900 2 fusx) — £ @

= — [kYolx Vos@)e(lx — x|}l

Here the symbol 4 means “equal by definition” or
“identical to by definition.” Here f,4()is the scattered
field, ., is the incident field, ¢ is the source location,
o is the frequency, and g(-) is the outward-going-wave
Green's function. Q is the dimension of the space. Equa-
tion (3) may be transformed into a system of algebraic
equations by expanding the product ke2ye(x)fwe(x)
from equation (3) by a set of basis functions. The result
is a set of detector or measurements equations given by

S = @

N A
jzl YoifwdiDemj = Pyl

o3

L....M
=1,...,®
1,..., 0

and a set of field constraint equations inside the body at
point 1 given by

N 5
L2 foor - £ = jzl YafwobCalj ®

where fupr=fos(x) and fupfiM="F,p@"(x) are the ac-
tual values of the field scattered at a point x; in the
object, and f,¢m®) is the detected field at points Xm.
Although Cuj/=DuJ;, a separate symbol Domjis used to
correspond to measurment point X, on a detector. Comj
and D,mjare constants given by
Can® F908 =3l | —3 )% 6a)
The functions \b,(g’)é\p()_;'—y') belong to a basis set
{(x)}-
A convenient basis set for calculation is the sinc basis
set which for a space of dimension Q is given by

, Q . , , (6b)
S YY) = q:l sinfm(xy — ngh)/B/m(xg — ngh)/h}

where x' is the column vector that locates the continu-
ously variable point given by the coordinates (x1’, x2, .
., XQ), ie, ’

x =[xy, x2, ..., (6c)
and where j represents a vector x; located at fixed coor-
dinates (nyh, nzh, . . ., nph), i.e.,

x/=lnph mph . ... nQ,!z]T

Equations (4) and (5) must be solved as a set. How-
ever, this does not preclude using a method of alter-
nately solving equation (4) for {y«} with {fug;} fixed
and then solving equation (5) for {fug} with {yu}
fixed. In principal, it does not matter which equation is
solved first to start the iteration. In Examples 1, 2, and
3 that follow, the convention is followed by solving for
{f,e;} first and for {y.;} second for each iterative cycle.

(6d)
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If the scattering potential v, is small enough (which
is the case for medical ultrasonic and seismic imaging),
a fixed point method may be used to solve equation (5)
with y fixed by the following iterative scheme:

(7a)
: ; N . :
s = s[4+ oty | +o-mit

0C<B=EI

Here, 7,/ is a trial guess for y.y, and fu{*)is the k-th
guess for f. If the spectral radius of the matrix
[Bcwlfywj+(1—B)3y] is less than unity, equation (7) will
converge. A nearly optimum B is found by a search
method. For medical ultrasound or seismic work, a
value of 8—1 should work in most cases.

It is useful to define the residual of an equation, such
as equation (5), as the value of the right-hand side minus
the value of the lefi-hand side. For example, here the

residual for the field equations may be written
N (70)
= [ 40+ 3, ety |

It is useful to consider {ro$A"} as a column vector
with components roe/. Then the norm of {rue/(0}
may be defined according to standard numerical analy-
sis practice. A useful norm is the “two norm” defined
by || {x} || 2=(Z|x;| )4 This norm is often written in
abbreviated notion as

i
lxill = (; mlzj :

A generalization is possible to the p norm given by

: 1/p
llxillp = (% IXil”) .

For the purposes of this example, the one norm or two
norm are more useful. Convergence of equation (5) may
then be verified by examining the norm of the residual
r of equation (7b). A similar concept is described further
below in the iterative scheme for testing of convergence
of equation (18).

The sum in equation (7) is a convolution of Cyyj, with

‘Yufwg) since Cuyjis a function of |x,—x/| by inspec-

tion of equation (6). The convolution in equation (6)
may be performed in a relatively fast operation by use of
the convolution theorem and using a fast Fourier trans-
form (FFT) operation. Several iterations of equation (7)
with fixed v.,(" will lead to a best fit of the internal field
of fue to a particular y,{". But it is not necessarily
correct and must be updated. This suggests that f,¢/be
updated for a given fixed /™ and then v,/ is up-
dated while holding fixed the new value of fu4; the
process is repeated until convergence is acceptable. The
information for updating v.,{*) must come from equa-
tion (4), since equation (5) has already been used, and
since, clearly, the information from the scattered field
measurements must be incorporated into the process.
This process also advantageously gives the solution for
the internal field fu¢/, even though the ultimate result to
be obtained is the scattering potential.
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To solve equation (4) for vy at a fixed value of fug;
and o, the idea of backprojection is used. In x-ray com-
puted tomography (x-ray CT), the concept of backpro-
jection has been a powerful tool for image reconstruc-
tion from projections. Backprojecting x-ray CT data
directly produces an image which is a blurred version of
the original object. The original object may be recov-
ered by convolving with a deblurring function. The
backprojection operation spreads the detector density
values along the x-ray paths back to the detector. The
sum of this operation for all source positions is the back-
projected image.

The concept of backprojection as used in x-ray CT
does not translate exactly in the case of finding v.; by
backprojecting the measured values of fu¢m®¢) from the
detector measurement set {m, ¢, w}, since there are no
explicit ray paths in equation (4). However, an analogy
can be found. Equation (4) is a2 sum over all scattering
points in the body, each of which radiate an outward
going spherical wave whose initial modulus and phase
at point j are given by the product eufu¢j, and whose
complex phase at detector m is given by multiplying this
product by the Green’s function-like propagation coef-
ficient Dymj.

Therefore, the step that is analogous to backprojec-
tion into a picture element (*“pixel”) wouid be to reradi-
ate the detected signal at each detector m with a phase
corresponding to the negative of the shift in scattering
from pixel 1 to detector m. Thus, the round trip phase
shift from pixel I to detector m and back to pixel 1 would
be zero (for signals received at all m that originated at
pixel 1), and the sum over all m into I would add con-
structively. Backprojecting signals from all m into pixel
1 that did not originate at from pixel 1 would not result
in a zero phase shift and therefore would result in de-
structive interference. Two formulas that may be used
would be to muitiply fuem by Daums* (here, the star
symbol * indicates taking complex conjugate) and sum
over m, ¢ and o, or to divide fupm©) by Dymrand sum
over m, ¢ and w. The renormalization of amplitude is
different in each case. Either of these formulas still does
not complete the analogy of backprojection in a logical
sense, since actually the influence of the product 7fs,
not y alone, is backprojected. Thus, for each ¢, back-
projection, as defined above, produces a blurred image
of yfp. Also, if ¥ is frequency dependent, which it usu-
ally is, then summing over & may not produce the best
image. Thus, the above general scheme must be modi-
fied as, for example, described next.

Backprojection of ¥ can be achieved by dividing the
backprojected image of fsy by fg for each ¢, and then
summing all such modified images over ¢. Using the
Dwm/* form, the backprojection process is summarized
by a formula for ¥, here defined to be the backprojected
approximation of the scattering potential ., as follows:

4 M 8a
= kot 3, 0l ¥ el & f

Here, k;is a normalizing factor taken to be 2n/®, and B
is the backprojection operator. The sum over m already
has a renormalization factor built into the D*, so K does
not depend on M. If the frequency dependence of 7 is of
a sufficiently simple and special form, then the spatial
resolution of ¥ can be further improved by extending
the backprojection operation to include summing over

S
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o. For example, if y is given by equation (2a) and if
a=aew", then v, as given by the following formula,
will have improved spatial resolution and will still be
quantitatively accurate.

- Q - ) ~ A (8b)
Y= I Relfol+i 3 o0~ mlya] = Bl
w= =

Note that equation (8b) is a special case of equation (8a).

The closeness of approximation to y. by 7 for single
frequency data has been investigated by considering the
much simplified problem of a single weak scattering
point at xs (so that the Born approximation is valid),
with plane wave sources radiating sequentially from all
angles and a circular ring detector at a very large radius
(where the asymptotic form of Green’s function is
valid). In this case, for a single frequency, Y., obtained
from the integral form of equation (8a) may be evalu-
ated analytically and is found to be proportional to
Jo2(ko? | x—xs|), where J, is the well-known zero order
Bessel function. For the three-dimensional case of a
spherical detector of a very large radius, ¥ is propor-
tional to sinc? (k.?|x—Xx;|. For larger objects, stronger
scattering, or other detector configurations, the blur-
ring in y,, will be different from the above examples and
not necessarily convolutional. If equation (8b) is ap-
plied, then an even sharper point response function is
obtained.

The above image of y{%), given by equation (8b), must
be deblurred to find ¥ by adding to the correction
obtained by operating with previously defined B[] on
the difference of the true scattered field f,4(9) and the
predicted scattered field P[y(¥)]. Here

Plywe] = f DymjfodiYwj

is a “projection” (actually scattering) operator. This
deblurring operation may be written for a single fre-
quency

o RHD = B{f,50) — Py (KXO)] 1.y (RHO) ©®
where 7,*) is defined to be y.*) from equation (8a).
Of course, the operation of deblurring may be repeated
and the general iteration formula, using operator nota-
tion upon reordering, is .

kX 1) = Bg(sc)+ [1- BPly(n) (10)
- This process converges only if [I—BP] has positive
eigenvalues which lie within the unit circle. Another
formula which always converges for appropriate ¥,
since (BP) BP has no negative eigenvalues, is given by

KK+ D= K \(BP) Bfg")+[I~Ky(BP) BPLy*Xn) an
Here, the dagger symbol indicates taking the com-
plex conjugate transpose. Optimum convergence of
equation (11) occurs when the underrelaxation parame-
ter K is given by K1=2/(Amax-+Amin), where Amgx and
Amin are the maximum and minimum eigenvalues, re-
spectively, of (BP) BP. Although equation (11) always
converges, it may actually converge more slowly than
equation (10) because the eigenvalues of (BP) BP are
Iess tightly clustered than those of BP. Thus, if BP has
no negative eigenvalues, the following formula may
converge faster than either of equations (10) or (11):

-
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BN+ D = Ko B 5O 1 [T = K3 BPly kX (12)
Here, the best value of the underrelaxation parameter
K3 is two times the reciprocal of the sum of the largest
and smallest eigenvalue of (BP).

The convolution operation Bf,4¢) can be done by
FFT only if f, is defined on a rectangular grid con-
taining field points or is interpolated onto such a rectan-
gular grid. Even the more complicated equation (11)
may be computed by FFT by noting that (BP) =P B
and performing the B and P convolutions sequen-
tially.

Insofar as the possibility of f.¢A*) vanishing at some
pixel x;is concerned, for medical ultrasound tomogra-
phy or seismic imaging, by using a small enough value
of o, this is unlikely; but in such cases, a modification of
equation (8a) is suggested, which still may be valid:

¢ ¢ M 9
k) k)s k . %
W=x,3, (M 2, 8) ¥ ookt

A :,2",1

It is instructive to insert the scattered field from a
single scattering point, fupm®)=2ZBgfueDom; into ei-
ther equation (8) or equation (13) and verify that a
sharply peaked distribution of 7y values occurs around
pixel s (here, 8g=1 for s=j and O for s4j). Equation 13
suggests setting K)=Z2mDom/*Domi. In practice, any Ky
is made workable by the correct choice of Ky or Kz in
equation (11) or equation (12).

The foregoing description is based on the use of the
Helmholtz wave equation (1a) to model the scattered
acoustic energy propagated through an object. As
noted above, the Riccati wave equation (1b) could also
be used for purposes of the model. The Helmholtz par-
tial differential equation (1a) may be transformed to the
Riccati partial differential equation (1b), as described
above. By use of Green’s theoreum, equation (1b) may
be transformed to the following integral equation:

Wesd ()= ~ko? [ Yulx)Gup(x —xM0x' — [ [V(x')-¥

W(x)]Guplx— )%’ 14
For incident, plane waves, e*4)-x G=e-
xo(@)(x~x)g(7%), where g is the same as in equation (3).

By the method of moments, Wop and Vwg-Vwg may
be expanded in special sinc basis functions {y;}, and
upon substituting the basis expansions of Wu¢, Y« and
VWud VW into equation (14), interchanging integra-
tion and summation, and evaluating x at rectangular
node points, the following algebraic equations are ob-
tained, respectively, for points x, on the detector and
for points Xn in the Q-dimensional support window

_containing nonzero values of Yo:

N _, A (15)
Wodm + jzl Dipgmf(VWews * Vwed)j = Waxbm =

)kazD' m=1...,M
= Rt L S T

5 N (16)
Wodl = —ko !El Dmélfywj -

N
, @

1,...,

N =
3- D, .V b
j=1 “"“J(vwwd’ WM)J’d) =1,...



4,662,222

19
The constants Dygm; and Dugy/ in equations (15) and
(16) are obtained from
Dagpj = Jfx)Gudxy—x)Cx’ an
Here, W,¢m is defined to be the measured value of waug
at detector point Xm. Also, here 7., We¢, and
(Vwao Vwagp)jare the respective values of v, Wag, and
VwaeVwee at point x;. Equations (15) and (16) are the
detector and field equations analogous, respectively, to
equations (4) and (5). Inspection of equations (15-17)
and the definition of Gug show that the sums in equa-
tions (15) and (16) are convolutions and can thus be
done using an FFT operation.

Having described one example which illustrates two
alternative mathematical or physical models which may
be used to model scattered acoustic egergy and to pro-
cess data so as to reconstruct an acoustic image using
inverse scattering theory, reference is next made to
FIGS. 6A-6F which schematically illustrates a flow
diagram for programming the CPU 118 or combination
of CPU 118 and array processor 120 or parallel proces-
sor 146 in order to enable CPU 118 or said combination
to control the electronic system of FIGS. 4 or § and the
apparatus of FIGS. 1-3 in accordance with one pres-
ently preferred method of the invention. It should also
be understood that special purpose computational hard-
ware should be constructed to incorporate the flow
diagrams of FIGS. 6A-6F. The flow diagrams of FIGS.
6A-6F are merely illustrative of one presently preferred
method for programming CPU 118 using the Helmholtz
wave equation for modeling scattered acoustic energy,
as described above in Example 1. Any suitable com-
puter language which is compatible with the type of
CPU 118 that is used in the electronic system can be
used to implement the program illustrated in the dia-
grams. :

As shown in FIG. 6A, CPU 118 is programmed so
that it will first cause the transmitter multiplexer 132
(see FIGS. 4A and 5A) to sequence in turn each acous-
tic transducer 100-107 (FIGS. 2-3) so that each trans-
mitter will in torn propagate a signal at a selected fre-
quency. In the case of FIG. 4A, for each transmitter
position, sequential multiple frequencies may be trans-
mitted by changing the frequency of oscillator 128,
whereas in the system of FIG. SA multiple frequency
signals are transmitted by selecting and generating a
type of waveform which inherently includes multiple
frequencies.

As schematically illustrated in step 201, for each

_transmitter from which a signal is sent, CPU 118 next
causes a receiver multiplexer 134 to sequence each re-
ceiver array 108-115 so as to detect the scattered acous-
tic energy at each position around the ring of transduc-
ers 70. The receiver arrays 108-115 detect scattered
acoustic energy for each frequency that is transmitted.
As described previously, the electronic system then
amplifies the detected signals and processes the signals
in order to develop the electronic analog of the real and
imaginary mathematical components of each signal and
in order to digitize each detected signal.

Once the scattered acoustic energy has been de-
tected, processed, and digitized, CPU 118 next deter-
mines the incident field f,4;("), as indicated at step 202.
The incident field is determined from the acoustic en-
ergy (i.e., frequency and amplitude components of.the
transmitted wave form) and transducer geometry from
which the incident field is transmitted. CPU 118 then
estimates the scattering potential ., (*=0 and and the
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internal fields (=0 for each picture element, as indi-
cated at steps 204 and 206. The initial estimate for the
scattering potential can be set at either O or at an aver-
age value which is derived from the average density,
acoustic absorption, and speed of sound estimated for
the object. When applicable, a lower resolution image
of v, such as produced by a more approximate method
such as the time-of-flight method described in U.S. Pat.
No. 4,105,018 (Johnson) may also be used to advantage
to help minimize the number of iterations. The initial
estimate of the internal fields f,4 may be determined by
using the initial estimate of the scattering potential, or
the incident field can be used as the initial estimate for
the internal fields.

CPU 118 next determines in step 208 whether the
norm of the difference between (a), the scattered field
fuemis?) as detected and measured at the acoustic receiv-
ers, and (b), the predicted scattered field /D umfwd/Yw/
as determined by CPU 118 using the estimated scatter-
ing potential and estimated internal fields, is less than a
selected error value €. The difference, or, as it is some-
times called, the residual error or simply the residual r,
is given by the equation

N (18)
oo = J3m = ;2 DomifotiYei

Each residual has the physical interpretation of the
error in satisfying a physical model equation due to a
departure in the trial solution from the exact solution. In
the usual case, the internal fields as estimated will not be
accurate and the process may proceed from step 208 to
step 212. The two norm or total root mean squared
(rms) residual error is defined as the square root of the
sum over all detector signals at all frequencies and for
all source positions, and is given by

4 19)
ASC) o= A9 12
(2 2‘ >3 augml )

where @ corresponds to frequency, ¢ corresponds to
source positions, and m to detector positions.

If the total root mean squared residual error or two
norm of the difference between the measured scattered
field and tlie predicted scattered field is less than the
selected error value €, CPU 118 uses the scattering
potential y to reconstruct and they display or store the
acoustic image, as schematically represented at step
210. The acoustic image will include information show-
ing not only the spatial resolution of the object in terms
of size and shape, but also showing the internal material
properties of density, speed of sound, and acoustic ab-
sorption at each scattering point within the object.

If the norm of the difference determined at step 208 is
not less than the selected error value, the next step
implemented by CPU 118 is to use either the array
processor 120 (FIG. 4A) or the parallel processor 146
(FIG. 5A), depending upon which electronic system is
used, to prepare a new estimate of the internal fields
fue+1D using the last estimate of the scattering poten-
tial (k) and the incident field f,$£), as represented at
step 212. Alternately, step 208 can terminate and pass
control to step 210 after a maximum kp.x number of
iterations. For the case where the Helmholtz wave
equation (1) is used as the model for representing the
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scattered acoustic energy, the updated or next estimate
for the internal fields foe/%+1), as determined in step
212, is derived from equation (7), which may be imple-
mented by CPU 118, as illustrated in more detail in
FIGS. 6B-6C.

As shown in FIG. 6B, step 212 comprises a series of
steps in which CPU 118 first determines a new value for
the predicted scattered field by taking the product of
the last estimate of the scattering potential vy,,{¥) and the
last estimate of the internal field f,¢) and multiplying
them by a constant C,j, which is determined from
equation (6). The resulting product is determined and
summed over each scattering point 1 through n in the
object, as indicated at step 216.

FIG. 6C illustrates in greater detail the method used
to implement step 216, which includes retrieval of the
complex fast Fourier transform of the constant C,jthat
is derived from equation (6), as indicated at step 232,
which is then followed at step 234 by taking the com-
plex fast Fourier transform of the product of the last
estimate of the internal field f,/*) and the last estimate
of the scattering potential 'ya,jd‘) at each point in the
object. At step 236, CPU 118 determines the product of
the fast Fourier transforms derived in steps 232 and 234,
which is then followed by taking the inverse fast Fou-
rier transform (step 238) to obtain the new value for the
scattered field f,/5Xk). CPU 118 then returns as indi-
cated at step 240 so as to return to the subprogram
shown in FIG. 6B, as schematically indicated at the
arrow 217.

After the new value for the predicted scattered field
f,/5)®) has been determined as described in FIG. 6C,
it is added to the incident field fug/™), as indicated at
step 218. CPU 118 then multiplies the sum determined
at step 218 by another constant 8, and then adds the
product determined in step 220 to the product of the last
estimate of the internal field multiplied by 1 minus the
constant 3, which results in the new or updated internal
field value f,4/%+1), as represented at step 222. As men-
tioned above, 8=1 will work for most cases of medical
ultrasound; however, other applications may require
testing B to find a value which will result in conver-
gence. Several techniques for optimizing B are known,
one such technique being the golden section search
method. As shown in FIG. 6B at step 223, 8 may be
tested to see if it results in convergence by examining
the results of step 224; if not, a new value of B is selected
at step 225 according to the above-described or other
known search methods, and the steps leading to step 224
are repeated. The golden section search method con-
structs a sequence of search intervals that shrink to
limiting value that is contained in each search interval.

" The well known line search method using quadratic

interpolation for finding a minima may also be used.
In step 224, CPU 118 determines whether the norm of
the difference between the updated internal field
fofk+1 and the last estimate of the internal field fugfX)
divided by the norm of this last value of the internal
field is less than a selected error value €. If the quotient
determined in step 224 is less than the selected error
value, CPU 118 moves to steps 226 and 228 and stores
the new internal field values fy4/A%+1) and then returns
to the main program, as represented at arrow 213. If the
quotient determined in step 224 is not less than the se-
lected error value, the new internal field value is stored
for the next iteration, and the subroutine of FIG. 6B is
then repeated until the quotient becomes less than the
selected error value. The.field determination, as illus-
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trated in FIGS. 6B and 6C, must be done for each sepa-
rate pair of o (frequency) and ¢ (source position) val-
ues. Here the use of parallel or special processors could
be implemented and would greatly enhance computa-
tional speed.

Upon returning to the main program of FIG. 6A,
CPU 118 moves to step 214. From the updated internal
field fu4/%+1 and from the measured scattered field
fubm0), as detected at the acoustic receivers, CPU 118
next determines a new estimate 7y, k+ 1 for the scatter-
ing potential.

As illustrated in FIG. 6D, determination of the new
estimate for the scattering potential is accomplished in
essentially two steps, which are schematically repre-
sented at 242 and 244. In step 242, using the measured
scattered field fuem©9 CPU 118 backprojects to obtain
an approximation y/k+1 of the updated scattering po-
tential. CPU 118 then deblurs the approximation so as to
obtain the new estimate y/Ak+1) of the scattering poten-
tial. The two basic steps 242 and 244 are each illustrated
in greater detail in FIGS. 6E and 6F, respectively. In
describing the backprojection method in step 242, equa-
tion pairs (8a) and (8b) are implemented in FIG. 6E. It
should be appreciated that equation pairs (11) and (8b)
or equation pairs (13) and (8b) could also be imple-
mented.

Referring first to FIG. 6E, a detailed explanation of
the backprojection step 242 of FIG. 6D is given. As
schematically indicated at starting step 246, CPU 118
takes the measured scattered-field output from step 212
(FIG. 6A) and pads each pixel on the border of the
measured scattered field so as to place zeros every-
where except for the detector positions M. CPU 118
then performs a complex fast Fourier transform of the
bordered input, as shown at step 248, and then retrieves
the complex conjugate of the constant Dy defined by
equation (6) above. CPU 118 then moves to step 252 and
takes the fast Fourier transform of the complex conju-
gate and multiplies it by the fast Fourier transform of
the measured scattered field, as determined previously
in step 248. The CPU 118 takes the inverse fast Fourier
transform of the resulting product (step 256), then for
each source position ¢, the measured scattered field for
each point is divided (step 257) by the product of the
interna! field and a normalizing constant derived by
multiplying a constant k; by the number of detector
positions M and the number of source positions ¢. K,
may be optimized similar to 8 described in FIG. 6B.
The result is summed over each source position to ob-
tain the backprojected estimate of the scattering poten-
tial y,A%+1), as indicated at step 258. The CPU 118 then
separates ,/*+1 into real and imaginary parts in step
259 in preparation to applying backprojection equation
(8b). Next, CPU 118 completes the backprojection by
taking a weighted sum over o, as per equation (8b). This
is done in step 260, setting the real part of y/*+1 equal
to the sum over o of the real part of y,fk+1. Also in
step 260, the imaginary part of y£k+1) is computed by
summing over o the product of o raised to the (1—ny)
power and the imaginary part of YoA¥+1. Finally in
step 260, the real and imaginary parts of the complex
scattering potential estimate y(*+1) are combined into a
complex vector that is output, as schematically indi-
cated at the arrow 243. CPU 118 then moves to the

deblurring process (step 244 of FIG. 6D).

FIG. 6F shows the steps that comprise step 244 of
FIG. 6D for deblurring the backprojected estimate of
the scattering potential. With reference to FIG. 6F, the
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backprojected estimate y{*+1) for the scattering poten-
tial is input, as schematically indicated at arrow 243, and
CPU 118 then determines the new value for the pre-
dicted scattered field P, +1Xin) by taking the summa-
tion over each scattering point j in the object, of the
product derived from multiplying the previous estimate
v/*Xn) of the scattering potential times the internal field
fwgjat the scattering point times the constant Cejjat that
point. This operation is performed for each frequency
.

Once the new value for the predicted scattered fieid
is determined from step 262, CPU 118 then subtracts
(step 264) the new predicted value from the scattered
field measured at the detectors. The difference is then
backprojected, as represented at step 266, using the
same steps previously illustrated and described in FIG.
6E. The backprojected result is then multiplied by a
constant K3 as indicated at step 268 and the resulting
product is then added to the backprojected estimate
y(k+1Xn) for the updated scattering potential, as indi-
cated at step 270. The CPU 118 then determines at step
272 whether the multiplication constant K; used in step
268 was appropriate, and if not a new constant is se-
lected at step 278 and the backprojected difference is
then multiplied by the new constant, as indicated at step
279, before repeating again steps 268, 270, and 272. The
optimum value for K is estimated by a search for that
value which minimizes the norm of the difference be-
tween 9 and the predicted scattered field P[y®**?]
similar to the search method for 8 described above in
connection with FIG. 6B. If the multiplication constant
is valid, CPU 118 then checks at step 274 to determine
whether the norm of the difference between the scat-
tered field measured at the detectors and the predicted
scattered field derived by using the updated value of
the scattering potential is less than a selected error value
€. If so, CPU 118 returns to the main program, as
schematically indicated at step 276 and line 215, and
CPU 118 then repeats steps 208 to determine whether
the reconstructed image is ready to be displayed.

EXAMPLE 2

Image Reconstruction for the Case of a General
Scattering Potential with Density Dependence from
Multiple Frequency Data

The inverse scattering technique described in Exam-
ple 1 may be generalized to reconstruct a scattering
‘potential that includes terms in density, polynomial
frequency dependent absorption, and speed of sound.
The scattering potential is generalized by adding a den-
sity dependent scattering term, and is represented by

the following expression:
e o o2 (20)
=1- Y(x)W2p—t —_—
Yolx) = 1 2@ + = POV T + 255 a(x}

This equation can be further generalized to fit almost
any material absorption properties by expanding a(x) as
a polynomial

a(x)=ay(x)+wap(x)+wlazx(x)+ . . . +oa(x), @1)
On substitution of equation (21) into equation (20), the
scattering potential becomes, when using only the first
three terms of equation (21),

20

24

(22)

co?

Ax)

3
[
Yolx) =1 - + % PV —lc(x) +

co?

ag(x)
12@ —0 + a1(x) + wa)x)

For many materials, a,=a3=0 and only the ai term is
necessary. In other materials, use of all terms will in-
crease the accuracy of representation.

The scattering potential, as written in equation (22)
above, is frequency dependent. This can be made more
clear by writing y(x) in the following form:

Ya(x)=Tex}+0~ 2T 1(x-

Y+ilo~ IT2(x)+ F3(x) + wla(x) (23a)

or equivalently as the inner product of two vectors:
yoX)=[l, 02 0, i iw]"(x) (23b)

where i=V —1 and where r(x) is the column vector

. given by
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I=[T, Iy, T2, T3, FgdT (24)

Here, []7 means transpose of row vector [-]. Then, the
components of I" are given by

Fo={1=c/cX(x)}. (258)
Ty1=cPx)V2p~k(x), (25b)
T2=2c,2a,{x)/c(x) (25¢)
T3=2clai(x)/e(x) (25d)
T4=2clax(x)ax(x)/c(x). (25¢)

It follows that if y.is evaluated at two frequencies,
then I'oand T'; can be determined. Furthermore, if ,, is
evaluated at five frequencies, then I'g, I'1, Tz, I's, and
T'4can be evaluated. If given the set T={Tg, I'1, I'z, I3,
T4} of frequency independent functions, then the more
familiar material properties {c, p, ao, ai, a2} can be
obtained by the following formulas by equating terms of
the same power of @ in equations (22) and (23). There-
fore, c(x) is given by

cx)=c{1=Tox)]" !, (26
p(x) is the solution of the boundary value problem
[Vz - co_zrl(f)]P"i(-E) =0 @n
p(x) = pp(x) on the boundary | ’
and ag, ai, and a; are given, respectively, by
ag(x)=c(x)I2(x)/(2c,), (28)
aj(x)=e(x)I3(x)/(2¢o) 29)
ax(x)=c(x)T4(x)/(2c,). (30

It is clear that more terms in the absorption polynomial
could be used if higher accuracy is required. Further-
more, the solution p(x) of the boundary value problem
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given by equation (27) is possible with existing, well-
known methods. One well-known method is that of
discretizing equation (27) to obtain a system of linear
equations that may be solved for p(x). A particular form
of this approach that is especially fast is described later
in this section in Example 3. Since solving for p(x) by
the preceding method requires I'i(x), it is necessary to
first derive a technique to find [[g, I'1, T2, T3, T4).

In practice, the use of only five frequenices may not
produce useful images because of the'ill-conditioning of
a particular problem. For example, if the sources and
receivers can only be placed on one side of a body, e.g.,
a square body, then only } as many receivers and } as
many transmitters can be used, as in the case where the
transducer surrounds the body. Thus, at least (4)2=16
times more data must be collected in the former case
than for the case of the transducer surrounding the
body. In practice, the image quality improves as the
number of separate frequencies is increased.

The need for data at many frequencies requires that
the scattering potential coefficients I'=[T"o, I'1, I'2, T3,
I'4] be chosen so that the frequency dependent scatter-

.ing potential y,(x) satisfies equations (4) and (5) at all

frequencies. This requires least-squares fit of the vector
T to the backprojected and deblurred values of y,*+1),
as given by equations (11) or (12) and as illustrated as
output 215 in FIGS. 6D and 6F. The least-squares fit is
conveniently obtained by use of the conjugate gradient
method because of its speed of convergence and stabil-
ity, even with noise-contaminated data.

The least-squares problem is formulated as follows:
Let y,%+1)(x) be the (k+ 1) trial fit of y,, at each fre-
quency « obtained by backprojection and deblurring
using the methods described in Example 1. In particu-
lar, equations (8) or (13) for backprojection and equa-
tions (10), (11), or (12) for deblurring may be used. Let
v,®X7+1) be the result of these operations. A method
for obtaining I" from the set {I',(’X#+ 1} is described
next. |

Considering equation (23b), it is clear that for each x
and for each w, equation (23b) is one equation of a
larger linear system of equations that may be written as
for the h-th value of w, i.e., ws, as

4 31a
,yg:Z(n+l)(5) =,~—21 thrj(k)(n-i-l)@), h=12...,H (i)

or in matrix notation

8= YT R) (31b)

. The matrix M is defined as follows: for each j, My;is an

element of the row vector [1, wx=2, iwz—1, i, iws). Since,
in general, the number of frequencies H may be greater
than five, equation (31) is overdetermined, although
each Y, Xn+1) may be a blurred version of the true
Yor Thus, the T*Xz+1) that best solves equation (31)
may be chosen to be the least-squares solution of equa-
tion (31). Since the iteration index (n+1) refers to the
deblurring step only, it is omitted in equation (31b). If
equation (31) is multiplied by M , the result is

M MT(R=pM 4K (3lc)
The system of equations (M MD®=(M )yy® is at
most of rank 5, since (M M) is a 5 by 5 matrix. Thus,
efficient iterative methods should solve equation (31) in,
at most, 5 steps, since equations (31a), (31b), and (31¢)
are equivalent.
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Many methods for finding the least-squares solution
of equation (31) are known and a particularly fast
method that converges in 5 or less steps is described
below.

Least-squares problems may be solved very conve-
niently by application of the conjugate gradient (c.g.)
method. The c.g. method has many advantages over
other methods for solving systems of linear equations
such as:

1. It converges in a finite number m = nyqn of steps to
the least-squares solution of a rank nyz« nonsingu-
lar system.

2. The rate of convergence is so rapid that often
m< <nppk steps lead to a sufficiently accurate
results.

3. No matrix inversion is explicitly performed and no
inverse matrix is computed stored.

4. The method works well even for ill-conditioned
systems of equations. :

Convergence in m< <n steps occurs when the eigen-
values are distributed in m or fewer tight clusters.

Although many variations of the c.g. method exist,
the following version is preferred because of its relative
simplicity and its ability to reduce simultaneously both
the squared total residual (a measure of range error) and
the squared solution error (a measure of domain error)
at each iterative step. Given a system of linear equations
Az=y, the least-squares solution x may be found by
forming a new system of equations:

A Ap=(4 ) (2)

The new system of equations (32) has the advantage of
having a matrix (A A), which is Hermitian and square
(a matrix M is Hermitian if M =M).

For real systems Ax=y, the system (32) can be solved
without explicitly computing the matrix (A A). This
method also applies to complex systems 4z=y. If the
number of measurements y exceed the number of un-
known z, then the matrix A is rectangular, but (A A)is
still square with the dimension on 2 side equal to that of
column vector z. Thus, rectangular overdetermined
systems can also be solved by the c.g. method.

Let a range error function Eg(z) and domain error
function Ep(z) be defined in terms of the residual vector
r=y—Az, and the solution error vector Az=_zsj;m—z by
the formulas:

Ep(@)=r r=(y—42) (—42), (332)

Ep(2)=(zs0itn—2) soltn—2)- (33b)
Er and Ep approach zero as z approaches the solution
Zsoln OT approaches a global minimum as z approaches
the least-squares solution z/s.

The c.g. method reduces both range and domain
error functions in each iterative step. The c.g. method
uses the concept of an inner product. The inner product
<u, v< of two vectors u=[uy, u2 ... } v=[vi, v2, . ..
] is defined by

<u, v>=uv a4+ ... (34)

The complete c.g. method comprises the following
steps:
1. Set up the initial conditions. Choose z(©), the start-
ing guess for z. Choose the stopping criteria €, or
alternately, €. Set
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0=y — A20), s(~ D=0, g(~ =0, &~ D=1. (352-35d)
Set
n=0. (35¢)

2. The next series of steps comprises one iteration of
the c.g. method. Compute

gR=A+F", (362)
3. Compute

Hm = 4o, (36b)
4. Compute

Do cgn=1, pim (36c)
5. Compute

pln=Nzln=1)/fn—1), (36d)
6. Compute

= ghm) 4 pln—Dln—1), (36e)
7. Compute

g = hm 4 pln— gl —1), (369)
8. Compute

&M= g2, (36g)
9. Compute

W= <S("' RS or d®= g, siw, (36h)
10. Compute

oM =clm) /i), (36i)
11. Update solution by the step,

Ant D gl g g, (36j)
12. Compute

A1) = ) _ glmglo) (36k)

(Alternately, the equivalent but more time-con-
suming step 7"+ D=y —A4z"+1 could be used.)

13. Test for convergence by use of one or more of the
following appropriate tests:

a.
If {7+ 1| <e, g0 to step 14, else go to step 2. 361
b. An alternate test for convergence is:
I || e+ D™ | 71 M || <2, go to step 14, else
20 to step 2. (36m)

c. A further alternate test for convergence is to
count the number of iterations n and compare to
some upper bound Ngep = nNmax-

If n>ng0p, then go to step 14, else go to step 2. (36n)

14. Exit c.g. method.
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The vector g behaves like a gradient because, at any
point, z the vector g(z) is the steepest descent direction
of the error function E(z) and the modulus of g is pro-
portional to the slope of descent. Two vectors u and v
are said to be con_)ugate with respect to A if the inner
product of u and Av is zero, i.e., <u, Av>=0. The
descent correction vectors s( and s() can be shown to
be conjugate if n <j. Since s(n is obtained from gradient
vector g by equation (36e), the phrase “conjugate
directions from gradients” has been shortened to the
now well-known name “conjugate gradient.” Also note
that g(")=4p(n)is an alternate form for determining gt).

Although I'i(x) may be obtained by solving equation
(23) for I'(x), the function I'i(x) is proportional to
pi(x)V2p—#(x) and thus vanishes where V2p—4(x)=0.
The Laplacian, V2, of p—1is zero where the gradient of
p—1is constant or where p—# is constant. Thus, to ob-
tain p—%, and thus p, it is necessary to solve the com-
bined partial differential equation with bound any con-
ditions given by equation (27). This is done by discretiz-
ing equation (27).

The discretization of equation (27) requires that
V2p—1 be also discretized, and this is conveniently ac-
complished by noting that the V2 operation is a convo-
lution. Although specific standard forms for V2 are
given in numerical analysis texts, more satisfactory re-
sults are obtained if a special form is chosen to match
the characteristics of the data and the imaging system.
This choice is made by noting that V2p—4 may be com-
puted in the Fourier transform domain. Let F[-] be the
Fourier transform operation on [} and F~1[-] the in-
verse operation. Then, from the theory of Fourier trans-
forms, it follows that

Vip=i(x)=F= [ —4mAZFlp~ )] (€]
But the spatial frequency vector A cannot be un-
bounded because of the requirement that the scattering
data cannot sample and recover a spatial frequency in
the object greater than the highest spatial frequency in
the internal field. Thus, A2 must be multiplied by a
high-frequency cutoff filter (i.e., a lowpass spatial filter)
B(A) to avoid aliasing of spatial frequencies and to
avoid computing and storing useless spatial frequency
data. Thus, for bandlimited systems, equation (37)
should be rewritten as
V2p=i(x)=F~ [ 4nAZBAYFp~4(x)]] 38)
By application of the convolution theorem and the
Fourier transform properties of V2, this is written as a
convolution as
F)[—4nAZBWFAp— @]l =

V2p—ix) = @9

{V2F- BN * p~i

Here, the symbol * means convolution.

Let F-1B(A)]=B(x). Then,
V2p—¥(x)=(V2B(x))*p—Hx). Then equation (27) be-
comes

(402)

(V2B * p—ix) — G MN@p~ i) = 0
(40b)

p(x) = pp(x) on boundary



4,662,222

29
Let 8(x, xp) be a function that is unity if x is a member
of the set of boundary points x5 and zero otherwise.
Then, [1—8(x, xp)] is zero for all points x on the bound-
ary. Thus, equation (40) may be written

[V2B(xy*p—4(x) — CAT1(x)p ~ 4(x)][1 - 8(x, xp)] =0 (412)

p(x)8(x, xp)=pp(x)d(x, xB) (@1b)

Upon adding equations (41a) and (41b), a convenient
linear system of equations containing the boundary
information is obtained:

[V2B(x)*p~ 4(x)— co 2T 1(x)p ~ 0)][1 — S(x—xg))-
+8(x, xp)p ™ Hx)=pp~ 4(x)3(x. xp) @)
Let the operator V2B(x) * [-] be replaced with the

matrix operator H given by

[Hllp~ 11=V2Bx)*p;~d=Hi—p~} “3)
Let I'i(x)=(T"1)jand let [1]x be the row vector [1, 1,

1,..., 1], then the diagonal operation I‘l(g)p"i(ﬁ) has

its equivalent in tensor notation, namely, T (e~

where (I'1)ik is given by

)ik = § AR I ¢4

When equations (43) and (44) are combined with equa-
tion (42), a simplified linear equation is obtained:

z Vap—tx) = 8(xn, 2Bp~ Han) (452)

where Vyj= V(X ;) is an element of the matrix V and
is given by

Vyj= [(Hn,j—cvpz(rl)n,/')(l —8(xn, xB))+8pB(xn,
xp) (45b)
Thus, solving the partial differential equation and
~ associated boundary value problem in equation (27) has
been reduced to solving the linear system of equations
(45).

For the more general case as described above in Ex-
ample 2, the CPU 118 or combination of CPU 118 and
array processor 120 or parallel processor 146 may be
programmed as illustrated in the flow charts of FIGS.
7A-TE. Starting at step 200, the operation of CPU 118
is the same as in FIG. 6A, except that the scattered
fields in step 201, the incident field in step 2024, the
scattering potential in step 204a, and the internal fields
in step 206a are obtained at each frequency w. The
residual test in step 208 is done by CPU 118, with the
norm summing over ¢, m, and o, as per equations (18)
and (19). The estimation of internal fields in step 2122 is
done by CPU 118 for all @ using the same approach as
described in Example 3. The backprojection and de-
blurring in step 214a is done by CPU 118 separately at
each o according to equations (9) through (13), as de-
scribed in Example 1. The output of step 2144 consists
of a backprojected and deblurred image 7. at each
frequency . This set of images is then operated upon
by CPU 118 in step 304 to produce the vector I' which
consists of the set of five separate frequency indepen-
dent material images [['g, T'1, T2, T3, T4]=T. The vec-
tor T" is then used by CPU 118 to determine in step 305
the y image by equation (31b). Thus, vector consists
of an image for each o, i.e, Y=[yo1, Yu2 . .. ]T. The
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vector 7 is the output that is reintroduced into residual
test 208 as represented at line 215a. The test 2082 will
require further steps 2124, 2144, and 304 until the resid-
ual r is less than €, or until the iteration index k exceeds
some programmable upper limit kmax. If either test is
passed, then test step 208a passes the latest version of
vector ¥ to step 300, where images of the material
properties [c, p, ao, a1, az) are prepared by CPU 118.
The result is passed to step 210a, where the final result
is stored or displayed.

FIG. 7B illustrates in detail the operation performed
by CPU 118 in step 304. The input on line 303 consists
of the vector I"®) and the matrix M defined by equation
(31). The CPU assigns I'®), M, and y to general vari-
ables z, A, and y, respectively, that are used by the
conjugate gradient linear equation used in step 308. The
updated value of z, here shown as 2("+1), is determined
by CPU 118, and the value of n is set to O in the first pass
through step 308. In test step 310, CPU 118 checks to
see if n is greater than or equal to 4. On the fifth pass
through (after all 5 components of T are calculated),
this condition is met and the completed value of z*) is
available and control passes to step 314. However, at
step 310, if n is less than 4, the vector z("+1) is passed
back to the c.g. step 308. The final vector z¥) is reas-
signed the name I in step 314 by CPU 118. The output
T is passed to step 316, where CPU 118 determines the
image of the scattering potential at each frequency by
use of equation (31). Control then passes back to the
main program, as illustrated at line 301.

FIG. 7C illustrates the detailed steps of the c.g. step
labeled 308. The values of column vector z and the
matrix A are passed from step 306 (FIG. 7B) by opera-
tion of CPU 118. In step 320, the CPU 118 sets the
iterative index to zero and chooses a starting value of
z©). As a default condition, the starting value of z® may
always be selected as zero. In some cases, faster conver-
gence will be obtained by a value closer to the final z.
For the case of 5 iterations to find the 5 components of
T, the starting value could be any value but zero, or
even the frequency average of I is a reasonable choice.

The result of step 320 is passed by CPU 118 to step
322, where the residual vector r®is computed by use of
equation (35). The temporary calculation vectors s(=b
and q(—1 are set equal in value to zero and the constant
d(-Dis set equal to unity also by CPU 118 in step 322.
The result of step 322 is passed to step 326, and CPU 118
increments n, as illustrated at step 324. In step 326, CPU
118 computes g(® via equation (36a). In step 328, the
temporary vector h(®is computed by CPU via equation
(36b). In step 330, CPU 118 computes the inner product
of g(»—1 and h( is taken and assigned to temporary
scalar e("—1) via equation (36c). In step 332, CPU 118
computes the new descent direction scalar weight
bn— Dby dividing e(»— Dby d(*— 1 as per equation (36d).
CPU 118 then computes in step 332 the new descent 5()
from the sum of the previous descent direction s—("—1)
weighted by bz—1 and the present gradient g() as per
equation (36e). In step 334, CPU 118 uses equation (36f)
to compute the updated value of g from h(), b(—1),
and g»—1. In step 336, CPU 118 computes a new value
of scalar d( from g() via equation (36g). In step 338,
CPU 118 computes a new value of scalar c from ei-
ther the inner product of g and r{® and g and p" via
equation (36h). In step 340, CPU 118 computes a new
value of descent length scalar weight a(® by dividing
c(n by d), as per equation (36i). In step 342, CPU 118
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computes the new and more accurate solution vector
" z{n+1) by adding the product of descent weight a(" and
descent vector p(" to previous solution vector z("), as
per equation (36j). In step 344, CPU 118 updates the
residual vector r" to r{"+1) by use of equation (36k).
The output of step 344 is labeled output path 309, which
returns control to the subroutine shown in FIG. 7B.
Note that a second input path 311 allows entry into the
c.g. subroutine for a second, third, or multiple improve-
ments in z(), Input path 311 leads to step 324, where the
value of n is increased by one in preparation for another
pass through the c.g. subroutine.

FIG. 7D illustrates the specific detailed steps that
comprise general step 300 of FIG. 7A that reconstructs
the material parameters [c(x), p(x), ao(x), a1(x), az(x)]
from the frequency independent vector I'(x)=[T'o(x),
Ty(x), T2(x), T3(x), T4(x)]. Input path 229 frm conver-
gence test 208a (FIG. 7A) enters at step 350, where c(x)
is obtained from I', by use of equation (26). Then, CPU
118 stores the result c(x) and proceeds to step 352,
where p—1 is computed by solving the partial differen-
tial equation with associated boundary values described
by equation (27). After calculating p—#(x), the recipro-
cal of the square of p—#(x) is computed by CPU 118 to
obtain p(x). A more detailed explanation of step 352 is
- given in FIG. TE. The result from step 352 is stored by
CPU 118 and control proceeds to step 354, where CPU
118 computes ax(x) from I'2(x), co, and the result c(x)
from step 350 above. CPU 118 uses equation (28) to
compute a,(x) and then stores the result and exists step
354, In step 356, CPU 118 computes ai(x) from equa-
tion (29), then stores the result and exits to step 358. In
step 358, CPU 118 computes a2(x) from equation (30),
then stores the result and exists via control output path
297 back to step 210z (FIG. 7A) of the main program.

FIG. 7E illustrates the specific detailed steps that
comprise general step 352 in FIG. 7D, where the mate-
rial parameter p(x) is calculated. The input control path’
351 under control of CPU 118 passes the image I'1(x),
the scalar c,, and the boundary values p(xp) for xpon the
boundary, into step 360. In step 360, a test is made to
determine whether a stored Laplacian operator Myjmay
be used or whether a new Laplacian operator should be
calculated. If the stored Laplacian operator is used, then
control passes along path 351b to step 368; otherwise
control passes along path 351a to step 360a. In step
360a, a lowpass filter function B(A) in the spatial fre-
quency domain is selected that will pass all spatial fre-
quencies without or almost without attenuation up to a
transition band where the attenuation drops to zero or
nearly zero. The width of these two bands are chosen to
match the potential spatial frequencies of the images, as
determined by the data and the system hardware. The
final choice B(A) is passed to step 362, where the in-
verse Fourier transform of B(A) is taken by CPU 118 to
obtain B(x). The function B(x) is delivered to step 364.
In step 364, the Laplacian of B(x) is computed in the
spatial frequency domain. The result of step 364 is
passed by CPU 118 to step 366. In step 366, the Lapla-
cian of B is sampled on a two-dimensional grid to match
the image that is desired and the result is passed on to
step 368. In step 368, the sampled Laplacian of B is
renamed matrix M for future computation.

From step 368 control passes to step 370, where a
new matrix {Vy;} is formed by CPU 118 from M,;and
T by use of equations (42), (43), and (44). The form of
V. is givne by equation (45b). The matrix {Vy} is
passed to step 372, where CPU 118 renames the vari-
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ables p—4(x)) as zj, Vpjas Ayj, po—18(xn, XB) as y, and sets
the iteration index k=0 in preparation for application of
the conjugate gradient method. At the completion of
step 372, CPU 118 passes control to step 308 which
comprises the c.g. program of FIG. 7C described
above. Thus, in step 308, the solution vector z={z} is
obtained by CPU 118 applying the conjugate gradient
method. The result of step 308 is passed by CPU 118 via
control path 309 to step 376. In step 376, CPU 118
determines the density p(x) by the formula
p(x/)=1/(z))* where z;is the zj component of vector z
that is computed by previous step 308. The density p(x))
for all j computed by step 376 is passed via path 353 to
step 356 of FIG. 7D, described earlier.

CPU 118 and array processor 120 may be pro-
grammed in accordance with the foregoing description
of FIGS. 7A-7E using any suitable language that is
adapted for the particular type of CPU used. Further-
more, it will, of course, be appreciated that the program
may be implemented and written in any one of several
forms without departing from the basic methodology
described.

EXAMPLE 3

Image Reconstruction Using a Fast, Complete
Conjugate Gradient Implementation of Backprojection
Concepts

The foregoing examples each illustrate programs
which use models for image reconstruction based on
inverse scattering techniques and application of a math-
ematical implementation of the concept of backprojec-
tion. The implementation (equation 8) was straightfor-
ward for the case of single frequency data or data with
simple linear frequency-dependent absorption and no
density-dependent scattering potential, e.g., equation
(2a). For the case of a density dependent and/or general
frequency dependent scattering potential, as described,
for example, by equations (2b), (20), and (21), backpro-
jection at each frequency, but not over all frequencies,
was possible; and thus the frequency independent com-
ponents of scattering [Io, . . ., 0°4] were obtained by a
least-squares technique.

A more straightforward method of determining I
directly from equations (4) (with fu4; fixed) would be
more appealing because of its simplicity.

In this example, the c.g. method is applied by apply-
ing it alternately to equation (4) to determine I;, with
Yejset equal to MT;, and equation (5) to determine fodl.
Thus equations (4) and (5) are replaced with

folm = I DymiMoToj + MiTyj + MaToj + M3Ty + “6)
J
Ml 4l
A — % byl — Colf Moo MLy + MoTy + MsTy + @D
l—j')'_l wifMolo; + MTy; + Mol + M3l y;
M 4plfus!

60

65

The c.g. method of equations (35-36) when applied
alternately to equations (46) and (47) is straight forward
and requires that z be solved alternately for z=[Tg, Ty,
Iy, T3, T4] and z={fwdl} respectively. The result of
repetitive applications of the c.g. method to equations
(46) and (47) is a least-squares solution

rxp=[To(xp, T, T3lx), Talx)] .

o,
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From I'(x) the constants
fe(x), p(x) co(x), a1(x), az(x]

are obtained as previously described by use of equations
(26) through (30), where I'i(x) is obtained by solving
equations (45a) and (45b).

The computation of g in equation (36a) and h in step
(36b) requires the multiplication of a vector by a matrix
A. When solving equation (47) for fodj, this matrix A is
called AQ)={7yjj—Cuiys;} but, when solving equation
(46) for T, this matrix A is the product of the matrix
{Dunfws;} with the row vector [Mow, Miw, M2w, M3w,
M.,] and is called A®). This factorization of the matri-
ces shown above is useful in fast computation of the
matrix produced by use of the fast Fourier transform
(FFT). Such factorization is used for example in the
implementation shown in FIG. 6c for determining the
Culfymfw; term in AO{f,4;}. This is done by the for-
mula FFT[(FFT[wdj}-FFT[lojfwd]j])). A similar tech-
nique can be also applied by analogy for determining
the product AQ){y;} by use of fast Fourier transforms.

Reference is next made to FIGS. 8A~8I which sche-
matically illustrate an alternate flow diagram for pro-
gramming CPU 118 and any processor 129 or parallel
process 146, or said combination to control the elec-
tronics systems of FIGS. 4 or 5 and the apparatus of
FIGS. 1-3 in accordance with a presently preferred
method of the invention. It is understood that FIG.
8A-8I constitute an alternative but related method to
those shown in FIGS. 7A-7E and in FIGS. 6A-6F.
Like steps will be designated with like numerals to
simplify the following explanation.

Steps 2005 through 2105 are identical to these same
_ numbered steps in FIGS. 6A and 7A. Also, steps 300b
and 305b are identical to these same numbered steps in
FIG. 7A. Thus the essential difference between FIG.
8A and the previous FIGS. 7A and 6A lies in steps 212b
and 2145 in FIG. 8A. Notwithstanding this difference,
step 212b has the same effect as step 212 or 2124 in
FIGS. 6A and 7A, which effect is to determine a new
estimate of the internal field. Also, step 214b determines
the scattering potential by the conjugate gradient
method through the generalization of backprojection
embodied in equations (46)-(48). Thus, step 214b is
similar in effect to step 214¢ in FIG. 7A or step 214 in
FIG. 6A.

In step 2126, CPU 118 determines the next estimate of
the internal fields fau*" by solving equation (57) for fus
with T fixed by the conjugate gradient method de-
scribed by equation (36) and FIG. 7b. Here the conju-
gate gradient variables vector z, matrix A, and vector y
are set respectively equal to vector fup£"), matrix

4
(')'lj— lejnioMnrn} ’

and vector {fuem(™} according to equations (5) and
(31). The result from the conjugate gradient method is
passed from step 2125 via path 213b to step 214b. In step
2145, the conjugate gradient method is again used to
solve equation (56) for T" with f,¢;fixed by the substitu-
tions z=T, y="Yfupm®?}, and A={Dugfus/*+VIM.
The result of this step is passed to step 3056 where
vector {y;} is computed from MT by equation (23).
The result of step 305b is passed via path 2155 to the test
step 208b. In step 2085, if either the norm of
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is less than ¢; or if the number of passes is greater than
some upper number Kmax, then control is passed to step
300b. Step 3006 has been described in FIGS. 7A, 7D,
and 7E. From step 3005, control passes to step 2100
where the results are stored, displayed, or otherwise
utilized, and the total reconstruction of the scattering
potential terminates. Additional details of the operation
of the steps shown in FIG. 8A may be seen in FIGS. 8B
through 8L.

FIG. 8B describes in greater detail the substeps
which comprise step 2125 of FIG. 8A. Control is passed
via path 2115 to step 408 in which v,y is initialized to
zero or any other suitable starting value. In step 410, the
present estimate of the internal field f,¢/™is set equal to
z(), the first interation of z. Also the matrix

4
(81] - Cmﬁnio M, )

is set equal to matrix A, the known incident field fupkin
is set equal to y, and the iteration index n is set equal to
zero. Control is then passed as represented at path 411
to step 308b. In step 308b, one iteration of the conjugate
gradient method (see FIG. 7C) is performed and control
is passed to step 414. In step 414, the fractional change
in the norm of the residual is measured and if either it,
or the number of passes though the conjugate gradient
routine exceeds a maximum number Kmex, then control
is passed to step 416; otherwise control is passed back to
step 308b for additional iterations of the conjugate gra-
dient method. In step 416, z(+1is set equal to fue/"+ D),
the new estimate of fu¢/and control then returns to step
4005 of FIG. 8A.

FIG. 8C describes in detail the substeps comprising
step 214b from FIG. 8A. In step 418, ,/is initialized to
zero or any suitable value which forms an initial final
guess. In step 420, I'®), the present estimate of T, is set
equal to z0), the initial estimate of z. Also matrix A is set
equal to the matrix given by {(Dwmfus/*+)Muo,
M1, Mu2, Moal} and the vector {fup/5)} is set equal to
y. Then control is passed to step 308b where the next
estimate of z(") is computed by the conjugated gradient
method. The results of step 3085 are passed to step 424
where the fractional change in the norm of z( is com-
puted. If rapid convergence is still being made, then the
fractional change is larger than € and control is returned
to step 308b. If rapid convergence is not being made, the
fractional change in z given by

[| Zn+ D~z || /|| 20V || is less than € or the iteration
index n is greater than np.axand control is passed to step
426. In step 426, the conjugate gradient solution vector
zn+1 is set equal to T+ and control exits back to
step 3055 of FIG. 8A.

FIGS. 8D-81 show how the conjugate gradient
methods of equation (36) may be implemented to deter-
mine new field values in a time proportional to (n3log
n) for each iteration. FIG. 8D illustrates a rapid method
for implementing step 326 of FIG. 7C. When the conju-
gate gradient method is employed at step 38b in FIG.
8B, step 326 of FIG. 7C is implemented by passing
control to step 442 (FIG. 8D) where the residual ry¢/is
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retrieved from storage. The output of step 442 passes to
step 444 where the vector z is set equal to the residual.
Control then passes to step 446a where z is multiplied
by A . In order for this multiplication to ' be performed
rapidly, FFT convolution methods are used as shown in
FIG. 8F. The output of step 446 is passed to step 448
where the result of previous step 446 is set equal to g(")
and the result then is returned to step 328 of the conju-
gate gradient program of FIG. 7C.

FIG. 8E is a more detailed description of a fast
method of implementing step 328 in FIG. 7C. Control is
passed to step 472 where vector z is set equal to the
vector g. Control is then passed to step 4465 where z is
multiplied by the vector A. Control is then passed to
step 474 where the vector h is set equal to Az. Control
then exits via path 329 back to the next step in FIG. 7C.

FIG. 8F is a diagram of how steps 446a and 4466 of
FIGS. 8D to 8E are implemented, respectively. Control
enters either via path 469 (from FIG. 8E) or path 445
(from FIG. 8D) to step 450 where a determination is
made whether A z or Az is requested. If A z is sought,
then control passes s from step 450 to step 452. In step 452
I' M =v, is computed. Control then passes to step
454 where the result is multiplied by z. Control then
passes to step 456 where the fast Fourier transform is
" taken, and then to step 458 where the result is multiplied
by the fast Fourier transform of Cj . Control then
passes to step 460 where the inverse fast Fourier trans-
form is taken, and then back to step 448 of FIG. 8D. If
Az is requested, then control passes from step 450 to
step 462 where MT'=7,, is computed. In step 464, the
result of the previous step is multiplied by z and passed
to step 466. In step 466, the fast Fourier transform is
taken and the result passed to step 468, and then multi-
plied by the fast Fourier transform of C.j. In step 470,
the inverse fast Fourier transform is taken and control is
then returned to step 474 of FIG. SE.

FIGS. 8G, 8H, and 8I are similar to FIGS. 8D, 8E,
and 8F in function. FIGS. 8G-81 show how the conju-
gate gradient methods of equation 36 may be imple-
mented to determine new I' values in a time propor-
tional to (n3-log n) for each iteration. FIG. 8G illustrates
a rapid method for calculating A z in step 326 of FIG.
7C when the conjugate gradient method is employed in
FIG. 8C. Control passes from path 323 of FIG. 7C to
step 484 where the residual ru¢m is retrieved from stor-
age. In step 486, the vector z is set equal to the residual
obtained from the previous step The value of z is then
passed to step 478a, where A z is computed. The result
of step 478 is passed to step 490 where the result is set
‘equal to g. Control then exits step 490 back to step 328
of FIG. 7C. '

FIG. 8H shows a fast method for computing Az in
step 328 of FIG. 7C. Control enters via path 327 to step
494 where the vector g is set equal to z. Control then
passes to step 478 where Az is computed Control then
passes to step 496 where the vector h is set equal to Az
calculated in the previous step, and then back to the
next step of FIG. 7C.

FIG. 8I is a diagram of how steps 4782 and 478b of
FIGS. 8G and 8H are determined. Step 98 is entered
either via path 477 from FIG. 8G or via path 493 from
FIG. 8H. In step 498, a decision is made whether A zor
Azisrequired. If A zis requlred then control is passed
to step 500, where f.g; is multiplied by My, and the
complex conjugate transpose is taken. Then control
passes to step 502 where the result of the previous step
is multiplied by z. The result is passed to step 504 where
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the fast Fourier transform is taken, and then to step 506
where it is multiplied by the fast Fourier transform of
Demj - The result is passed to step 508 where the in-
verse fast Fourier transform is taken. The result of step
508 exits via path 479 back to step 490 of FIG. 8G. If,
however, the result requested in step 498 is Az, then
control passes from step 498 to step 512, where fy,¢) is
multipled by My, The result of step 512 is multiplied in
step 514 by z. This result is passed to step 516 where the
fast Fourier transform is taken. The result of step 516 is
passed to step 518, where it is multiplied by the fast
Fourier transform of Dy, and then to step 520, where
the inverse fast Fourier transform is taken. The result of
step 520 is the vector Az which is returned via path 475
to step 496 of FIG. 8H.

FIG. 87 illustrates in more detail the step 408 in FIG.
8B. In step 530, a decision is made whether a new resid-
ual r,e/0 is to be computed. For the first few passes
through step 400 of FIG. 8A, computing a new residual
may help convergence. After two or three passes
through step 400, it may be advantageous in time sav-
ings to save either the residuals Twé! O Twpm OF the
previous descent vector s or both. No rigor is lost if new
residuals and descent vector s are computed for each
pass through steps 400 and 402. The reduction in the
residuals per pass through steps 400 and 402 will de-
crease if either the least-squares solution to I' is ap-
proached or if the starting residuals and descent direc-
tions are not recomputed for each pass. Thus a compro-
mise between reducing the number of passes through
steps 400 and 402 and shortening the time spent in each
step may be reached that may improve overall time to
convergence by a small but significant percentage. If
recomputing is not required, control passes to step 5§36
and the existing residual is retained. If a new residual is
required, then control passes to step 532. In step 532, the
value of y107 MT is retrieved from memory and the sum

% Colfudtej

is then determined in step 2166 as per FIG. 6C. Control
passes from step 2165 to step 534 in which the value of
fwa /) minus fu4sis added to the results of previous step
2165. The result is the new residual and is passed to step
536 where it is stored.

FIG. 8K illustrates a fast method for computing the
initial residual ro¢m® and is similar in purpose to FIG.
8 (where the residual 1,4/ was computed). FIG. 8K
shows in detail the step 418 of FIG. 8C. In step 540, a
decision is made whether the present residual is to be
used or whether a new residual is to be calculated. If the
present residual is satisfactory, then control is passed to
step 548 and the present residual is stored. If a new
residual is desired, then control is passed to step 542
where the present value of ¥y, is retrieved from storage.
In step 544, a fast method for computing ZDumfwdYw/
is implemented. After completion of this task, control is
passed to step 546 where the sign of the result is
changed and the value of f,¢m) is added to form the
desired residual ry4m(®. Control then passes to step 548
in which the residual is stored for future use.

FIG. 8L shows the detailed substeps which comprise
step 544 of FIG. 8K. In step 550, the present value of
fugjis multiplied by the present value of ;. Control is
then passed to step 552, where the fast Fourier trans-
form is taken. The result of step 552 is passed to step
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554, where it is multiplied by the fast Fourier transform
of Dmj. Control is then passed to step 556, where the
inverse Fourier transform is taken. The resulting value
is then returned to step 546 of FIG. 8K.

FIG. 9 illustrates the operation of the invention using
the methods of Example 3 to produce an actual image
from scattering data. FIG. 9 is composed of two images,
each labeled, respectively, by a Roman numeral I or I
placed directly below. This composit image was photo-
graphed directly from a television display screen. The
image on the left labeled by I is a 15 by 15 pixel image
of a simulated tumor. The separation of each pixel is
one-fourth wavelength of the incident field. The tumor
is simulated by a Gaussian distribution of both speed of
sound and absorption. Only the speed of sound function
component is shown, since the absorption image is so
similar. The function shown is U(x)=10,000
(1—c2/cX(x))= 10,000 Ti(x) where c,=1500 m/s.
Then the 15 values of U(x), for example, along the diag-
onal from top left to bottom right as displayed in the
image I are (10, 34, 95, 222, 429, 687, 910, 1000, 910, 687,
429, 222, 95, 34, 10). Thus, since (Ac/co)=(3)AT, and
since 10,000 AT;=(1000-10)=1000, it follows that
(Ac/co)=~(3)(1/10)=0.5 in image I In other words,
image I represents a 5 percent change in speed of sound
over a region about 15/4~4 wavelength in diameter.
For 3 MHz ultrasound in the human body, this corre-
sponds to a tumor of 2 wavelengths in average diameter
or of 1 mm average diameter. Image I was used to gen-
erate scattering data to test the reconstruction method
of Example 3. The image I was used to generate 15
separate scattering data records at a single frequency
for 15 respective incident plane waves distributed every
360/15=24 degrees around a circle. 56 detectors sur-
rounding the object were used. Thus, (56)(15)=840
scattered field measurements were obtained.

The image labeled II on the right in FIG. 9 was re-
constructed (using scattering data generated from
image I) by the application of the particular inverse
scattering method of this invention described in method
3. The scaling is identical to that in Image L. The 15
values of the reconstructed function U(x) along the
diagonal from top left to bottom right are (10, 34, 95,
223, 431, 687, 910, 1001, 911, 687, 430, 223, 96, 34, 10).
Thus, the maximum deviation from the correct values
of image I along this diagonal is 1.0 percent, and the
average deviation is about 0.2 percent. The maximum
deviation divided by the peak value is about 0.2 percent.
As FIG. 9 demonstrates, the fidelity, accuracy, and
quality of reconstruction of the actual object is remark-
ably high. The image quality of FIG. 9-Iis so good that
the eye can detect no difference between the image of
the ‘original object I and the reconstruction II. The
reconstruction of absorption is of similar - accuracy,
quality, and fidelity. An example of one presently pre-
ferred program listing which uses a simplified c.g.
method from that described in the flow chart is included
in Appendix A hereto. The program listing is in ANSI
FORTRAN. This program was used to produce the
scattering data from image I in FIG. 9 and to recon-
struct image II in FIG. 9. It should be recognized that
the invention lies in the apparatus and method defined
by the claims, and is not intended to be limited by the
representative program listing set forth in Appendix A.
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EXAMPLE 4

Image Reconstruction Using a Descent Direction
Containing both Scattering Potential Components and
Field Components and Using an Objective Function
Containing All Detector Measurement Equations and
All Internal Field Equations

The foregoing Examples 1, 2, and 3 described how
the inverse scattering problem may be solved by various
iterative techniques that had the following feature in
common: They all alternately solved the internal field
equations (5) for an improved field while holding the
scattering potential fixed and then solved the detector
or measurement equations (4) for an improved scatter-
ing potential while holding the internal fields fixed.
These two steps are shown, respectively, as 212 and 214
in FIG. 6A. In FIG. 7A, improving the solutions for the
fields is shown as step 212a and for the scattering poten-
tial as steps 2144, 304, and 305. In FIG. 8A, determina-
tion of the internal fields is shown as steps 212b and the
determination of the scattering potential as steps 2145
and 305b. It would be an advantage to develop a proce-
dure that combined the two steps of obtaining fields and
scattering potential into one step in order to obtain a
more rapid convergence to the solution. Such 2 proce-
dure is possible and is explained in this example.

Obtaining an iterative procedure that updates both
the internal fields and the scattering potential at each
iterative step can be accomplished by defining a new
total objective function that is the sum of the norm of
the field equation residuals and the measurement detec-
tor residuals. Let F be that total objective function.
Then F is given by

F= || (4} 122+ Il 0531122 @3

— 2 sc) 2
= 3, e+ 2 1

where 1,6/ is given by equation (7b) and Tadm) is
given by equation (18). Let v be the column vector that
contains all of the field and scattering potential compo-
nents. Then v is the transpose of vT where v7 is a row

vector given by
vI=[F, fl=[{T:}), {fu}l (49a)
where
Ta={Ty} (49b)
fu={fwo} (@9¢)
Tup=1fus} - (49d)

Using this notation, ry¢/A™ and ru¢m) are functions
of v and thus F is a function of v. i.e., F=F(»). Thus, the
value of v that minimizes F(v), where F is given by
equation (48), is the least-squares solution for and fto
equations (46) and (47). To minimize F(y), an estimate
for v is chosen and a correction Avs=s is found that
reduces the value of F(v). This may be written as

vk D= vk 4 Avk) (50)

Then,

Fk+ D) <Fk) 1)
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except at the minimum of F.

The vector s= Ak} =wk+1) k), since it reduces the
value of F(v), is called a “descent direction.” Clear]y, if
s=Av(k) were chosen perfectly, then the minimum of
F(v) could be found in one step. Finding such a perfect
descent direction is unlikely, so more structured and
formal techniques to find good but not perfect descent
directions are used. Three such versions for finding a
good or useful but not perfect descent directions will be
given and are:

4.2 Method of steepest descent version of Example 4.

4.b Method of accelerated steepest descent version of

Example 4.
4.c The conjugate gradient method version of Exam-
ple 4.
Versions 4.a, 4.b, and 4.c of method 4 are here ranked in
order of increasing speed of convergence (require fewer
iteratives of obtaining equal closeness of convergence)

and increasing order of complexity.
The steepest descent version (version 4.a) is described
by the iterative step
Wh+1)32 K g, VAR (52)

where a; minimizes F(v(*)4-a;VF(v(¥)). The descent
direction is thus given by —VF, i.e,, along the negative
gradient of F, and the length of the descent direction is
a|VF|. Finding a; is thus equivalent to finding the
minimum of F along the line of direction ~ VF and such
a procedure is called a 37 line search” along a descent
direction.
The gradient of F may be written

g=VF=VrF+VF=grtgs- (53a)
where Vr means the gradient operator with respect to
the scattering potential ' and Vy means the gradient
operator with respect to all of the field variables f
={fu¢;}. Thus,

gr="rF=Vr| rosf || 2+ Vr || roem® ||2 (53b)

and

&=V F=|| rae /M ||+ V7| ragm® || 7 (53¢
It is noted that Vr || 1uem®) || 2 and V|| ree |} 2 are
the same gradients used previously in Example 3 and
illustrated in FIG. 8 as components of steps 2145, 3055,
and 212b. Thus, only two procedures to compute the

" additional gradient terms need to be described to imple-
ment the total gradient of F as given by equations (53a),
(53b), and (53c). Fortunately, the same general fast
Fourier transform procedures, as illustrated in Exam-
ples 2 and 3 above, may be used to compute the two
additional gradient terms Vr||r.eA™ |2 and
V|| foem®? || 2. Thus, all terms in equations (53a-53c)
may be computed rapidly using the fast Fourier trans-
form.

The minimum of F with respect to a in the line search
direction —VF(v(") is estimated by the quadratic inter-
polating functions q(a). Therefore, let

q(a)=Aa?+Ba +C=F[vih) +aVF(v*)] (53)

Three conditions on g(a) allow A, B, and C to be
determined:

20

25

30

35

65

40

a. g0)=Fkn=C (54a)

> %ﬁ‘%%)‘fvf‘ | vmm)]? (54b)

c. At a second value of a, say aj, q(ay) is determined. (54¢)
Thus,

gla))=F¥R + 0| VRV =A4a;2+ Ba)+C (55)
Thus,

A=IFYR -+ VA +ar | VAR — RO

Vay? (56)

The minimum of g(a) occurs at az when

24y + B =D _
therefore,

o =32 67

This algorithm has been implemented and tested and
convergence is linear in rate.

The accelerated steepest descent version (version 4.b)
uses an accelerating extrapolation step, alternating with
a steepest descent step. The extrapolation step deter-
mines each even point in terms of the most recent two
odd points in the sequence. The steepest descent step
determines each odd point in the sequence, starting
from the previous even point. However, the first two
steps are steepest descent to establish the first two odd
points, assuming the procedure starts from point one.
The procedure often greatly accelerates the conver-
gence of steepest descent because it tends to damp oscil-
lations and find the trend toward the minimum. This
method may be written

W=DV A1) (58a)
Y+ D= R 4 g RIK) k=2, 3, 4, , (58b)
K= _ VAWK, k=2, 4,6,... (58¢c)
SR = (R k-2, k=3,5,7,... (58d)

where a(*)is found by the line search formula given for
the steepest descent method above.

The conjugate gradient method can be extended to
find the minimum of the complete objective function
gwen by equation (48); this procedure shall be called
version 4.c of method 4.

The conjugate gradient version of method 4 then
shares some features with those of Examples 2 and 3.
This new method may be written

Wk + 1= (k) glR)p(R) (59a)
where
a®) minimizes F(v(*)+ap(k)) (59b)

and where p® is the descent direction defined by
by

PR = gk pekIptk—1) (59¢)
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45 T 46
print Xs’Want to . print the pix-rix coceff.? (1/0)°
read Xrirpin v
if (irrix.eaq.1) ccll currnt(idmexspix)

rrint Xy’Enter remin ond maxit!’
read ¥; reoewmins maxit

print %, ‘Assigning AP memecry and transforring dola to fFc. .’

Assisn the AP mcmorices

khertk = 44

kerin = 47

kesn = 48

krikn = 49

kr2kn = 50

kgikn = §1

khekn = 32

kalrha = &3

kbeta = 54

krelek = 55

ktotn Sé

kedgkn S7

kd2kn S8

krele 59

kpix = 100

kxi = keix + i4m2
kgd = kxi 4+ idmax
ked = kud + idmax
kint = ked + iJm2
ktot = kinc + nam2
ket = ktot + nam2
ket = kef + nam2
kenv = kef + neal
kedm = kenv + nsal
ktmpr = kedm + iJm2
ktt = ktmr + nam2
kgk = ktf + nsa2
krlk = kdk + nam20
kPp2k = kpilk + iJm2
kedgk = kp2% + nam2
khrik = kesk + iJm2
khr2k = khrlk + nam?

i

call arclr .
©311 velr(0r1965000)
eall apput(zimrkimrl:2)
~ eall arput(admskimrls2)
. ecall arput(simrkmimr1y2)
call asrrut(sdmskmdmsle2)
call arput(psmikrsmyls2)
call arrut({corskecorsi,2)
call aprput(coirkcoislsl)
call arrut(onerkonesrlis?)
call arput(tworktworir2)
call arrut(delarkdelaris2)
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4
call aPPuZ(strhvkthhvlo
call arrut(rnsarkrnsarls2 )
call arrut(pixskrixrsidm2:2)
call arrut(halfrkhalfr1s2)
call arwd

print %»’Defining obJect ond incident ficld ucig AP ¢
call edeinclimaxyJdmaxrnondrnsl)
call arur

rerint Xr’Want to rrint Lhe true dama® (1/0)’
read Xriros

if(ires.ea.l1) then

call ardget(etmrskedridm2,2)

print Xy ’'The gcmat’

call cmernt(idmarretar)
endif.

rrint ¥r»’Want to rrint the incident ftield? (1/0)’
read Xsirinc
if{irincsea.l) then
call ardget(etmrrkincrnam2s2)
call arwd —
rrint X»'The incident field!?”
. call cmernt(namrotme)
endif :
print Xy ‘want to check Lhe comnuted internal ficld ?7¢(1/0)’
read tv;check

Calculate the scattered field using the true obdect

rrint ¥»’Comruting the scattered ficld usind AP e’
call sctfld(xirudrctarsicheck)
call arur

mrint ¥ry’MWant to rFrint the Lrue internsl field? (1/0)°
read ¥sirtot

if(irtot.ea.1) then

call arget(etarsktotrnam2s2)
“print %y ‘The true internal field:’

call carrnt{namsetar):

endif

-print fy’Hant to Prxnt the cscattered ficld? (1/0)7
read ¥rirsct '

it(irsct.ea.l) then

call argset(etmrrkefrnam2r2)

call arwd

print ¥y’The scottered ficldl’

call cerrnt(namretme)

endif

Solvins the inverse and forward rrobleme allernately using
conJudste dgradient method
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print %s‘How many iterations for inv. suc. cach ster? (2>2)/

read ¥rninv

print %¥s’Solving the rroJection rroblem using C-6 and

call altncd(etar:rominrmaxitsniny)
<all aruwr

print ¥r‘Wont to rrint the estimated dgona® (1/0)/

read ¥rirodge

if(irede.ea.1) then

call ardot(otmrrkedksidm2s2)
print %y 'The ectimated domnal’
c3ll cmerrnt(idmaxretar)

endif

erint ¥r’Want to print the esfinated intgrnal ficld? (1/0)’

read ¥rirtote

ift(irtote.ea.1) then

call ardget(otmrrktotrnam2s2)

call arwd

print %5 ‘The estimcted internal fie}d:’
call carrnt(namrctar) -
endif

call apget(etmprkegridin2s2)
call arud

" print ¥»’Want to plot the obdect? (1/6)’

read %rirobd

it(irobJdsea.l) then

write(é6s10) .

format(//+”The original image of Boussian
endif

call inasa(ib:Jb;iJnax:iJu2»etmrvirova2)

call corset(etmprkeskriin2s2)

call srud

print %»‘Want to rlot the reconstruction?
read ¥sirroc

it(irrec.ea.i) then

write(6,20) :
formct(//y‘The reconstructed image of the
endif '

- ¢call inaSe(ivabyiJmaxyiJnZ:etmrsirrec:3)

close(1)
closae(2)
close(3)
stor
end -

tesl obdectd‘s4/)

(1/0)°

obdectt’ s//)

subroutine imaSe(ivabviJmaxyiJm2yetnrsirobJ:nfilc)

inteder inder(225)2imgi (225)
coarlex etmpr(1)r0Junk(225)

continue
do S i = 1y idmax
rel # real(etmr(i))}
aim = aimagletmr(i))
ift(rel.de.,0,) then
oddr = 0.9

'3 AR
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+ else .

oddr = -0.3
endif
it(aim.gt.0.) then
oddi = 0.5
else
oddi = -0,5
endif
imdgr(i) = rel*10000. + oddr
imdi(i) = 2im%10000., + oddi
continue

irs = iJmex - ib + 1
ire = idmax
do 10 J = 1y Jb
it(irobd.ca.l) then
write(6s20) (imgr(i)si~ 1rs:1rc)
write(é,20) (1&31(1);1 irssire?
rrint %X»* ¢
endif
do 15 i = 1,ib
kt = (J=-1)%ib + i
kd = (Jjb -Jd)xib + i
edunk(kd) = etmr(kt)
irpe = ips - 1
irs = iss - ib
continue
format(15i5)

write(nfiler»30) (edunk(idsi~lridmax)
fornat(8110.5)

return

end

subroutine zltnceg(etmrrreminrnaxitsnined

This is & gubroutine to colve the inverse scattering
rroblem by solvind the forward and inverse rroblem
slternately ucing c-g iterations.

Eonrlex etmr(1l)sbtn

common /const/imoxrJmoxsnandsnsibrdbricridmaxsiin2y
namrnam2rnsarnsa?

common /saddr/kglknrkg2knskhrknshkalrhos
kbetarkrelokrkralerktotnrkednrskeghnrskerinskerth

common /vaddr/kerixrkxishudskeogrkincrktotrkefrkefshonyy
koﬂnrktuhsktf;k:krkPikrkr2k;keskvkhp1krkhn2k

kbtn = 42
krikn = 49

rrint X»'C-8 iteratione for solving the rro;ect:on rroblem?

k= 0

k =k + 1

it{k.eca.l1) gato 15

call fuwcgarl(imcxrdmaxrnongsnskrkedk)
c3ll arwur

continue

print %, ‘’before colving inverse sustem?i’
inv = 0 )
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ié inv = inv + 1

it(inve.lt.ninv.or.(ninv.ea.l.and.k.ca.1)) then

ier <« 0 .
else

ier = 1
endif
if(k.ea.1.8nd.inv.ea.1) then

ituro = |
else

iture = 2
endif
call ivedar(imaxrdmcxrnangsnshkriturcsier)
call aruwr .
itlinv .1t. ninv) soto 16

call crdet(ertkrkerths152)
call argdet(relokskreleksrls2)
call ardet(releskrclcrls2)

‘- erth = sart(erth)
relek = sart(relek)
rele = sart{rele)
print 20sksrertkrsreleksrele

20 format (1xs 'k=’9i3s’ erfk=’re9.3»’ crak=’re?.35’ ertd~’'se?.3)

if(koeaoi) doto 10
if(rele.dt.remin.and.k.1t.maxit) soto 10

return
end.

- - - - Y - e - G D Gl B R G SR WD G ED P R T N S R e e e e e e

subroutine sctfldixirudretmrricheck)

This i; 2 subroutine to compute the truc internacl
filed and the scatterod field fros the true obdect
and the incident ficlds using c-d mcthod,

real xi(i1),uJd(l)
comrlex ctmr(l)sbeta .
conmon /const/iuax:JnaxvnanﬁrnvierbvicsiJnax-iJ-Z:

$ nomrnaB2:nserNsal -
common /caddr/kelknskg2knrkhrknrkalrhaskbetas
K J krelekskrelosktotnekednskedknrkerinskertk
comRON /vaddr/krix;kxivkuJ:kes{kinc:ktotrkefrkcfskchv
¥ kesm:ktnp;ktf1kﬁk:knlkvkr2k:keﬂk:khnlk:kher

kone = 5
kbtn = 42

‘3im = float(imaox)
sdm = float(dmax)
renin = 1.e-8
amaxit = 100

initialize the internal field

call cvmovikincy2rktotr2ynam)
call arur : .

print ¥»’C-6 iteratione for selving the internal ficld:’

k=0

~—
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10 k=hk + 1"
call fucgar(imaxrdmoxrnonsgsnsktlrkes)
call arwr
call arset(ertkrkertkr»1,2)
call arud
ertk = sart(ertk? .
rrint 20skrertk
20 format(1xy’k='9i3s 2%y 'rfhk~"ye210.4)
ift(k.2a.1) dgoto 10
if(ertk.dgt.remin.ond.k.lt.maonit) goto 10M

56

c
¢ Check if the internal field computed is correct
c .
if(icheck .ec.l1) then
- call fucdar(imaxsdmaxsnandrnr-lrked)
call arur
call ardet(erinskerins1,2)
call arud
erin = sart(erin)
erint X211 H £ - £{in) i’ serin
endif '
c .
¢ compute the ccctterred field
e .
¢ call fwecsgcr(imexrJmaxsnongsnerOsked)
call arur . .
c
return
end
c
e
€ S e e ——————————— 0 e e
subroutine cmarrnt(nre)
c
¢ : A subroutine to rrint{ the comrlex arraus
c -----------------------------------------------------------------
c
comrlex e(l)
nline=n/3
i=1 '

do 10 Jd=1snline
print 20y real(e(i))raimas(o(i))srealle(itl))roimadg(e(itl)),
$ real(e(it2))roimng(e(it+2)) '
10 i=i43
i=n-nlinox3d
it(i.ea.2) then
print 30rreal(e(n-1))raimas(c(n-1))rreal(cin))saimagle(n)d)
else -
i?t (i.ea.1) print A0sreal(e(n))saimaglcin))
end if ’ ) . :
20 format(3( (' re9.35'y’2e10.,35’) ’))
30 format(2¢’(’709.3279%10210.3+7) ’))
40 format(/(‘rse9.31'9/9010:35°) 7))
return

conbol(inaon-qx;nan:pnnkv1vkv2vkckacnv:ktukatfpiconJvirrod)_

/% This is an arc subroutine to comprute convolution using
2-D FFT on AF., X%/
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int imaxrdmaxrnongrnskvirkv2rkefrkenvektariktfricondrirrodd
{ -

/% Ture declaration %/
int imaxiribsJdbridmaxridn2sn2rncernsad
int is7i2namrnan2rnasritagrskonerkxiskrnsarkv2ns
int ihrktihrktJdbrktfnedibskirisktmisktfisrktfnii
int ktepisktremisktPrisktfrniskalknrkefnokefnls
int kternrktmenlsktihnektdbnrndifs

/7% 32t constants ¥/
’ imaxl = imax + 1}

ib = 2 %X imax}
ib = ib + 1%
Jbh = 2 X Jmaxi

Jb = Jb + 1%
ijmax = ib % Jb#é ’
idm2 = 2 % idmaxi
nam = nang X idmaxsd
nam2 = 2 ¥ nomi .
n2 = 2 % nl .
nse = n X ni '
nsal = 2 X nsaij
kone = 5S¢

kense = 113

ih = idmax / 23

ktih = 2.% ihj
ktJdb = Jmax ¥ ib}¥
ktJdb = 2 %X ktJbi
ktfn = n = imaxs
kttn = ktfn X n2i

ktfn = ktfn 4 ktfs
ittirrod <= 0) goto lab2j

/% multierly the obJdect and the internsl field before
convolution %/
-na = 0F
: ndift = 03
labhis rv2n = kv2 + ndifi
ktmrn = ktmr + ndifi
ceviul (kvir2rkv2nr2shitmrns2ridmex) i
nz.= na + 1§
ndif = ndif 4+ iJm2j
if({na < nand) doto 1labli
lab2? nz = 0F
lab4? .
ndif = naXiJm2$
ktmrn = ktar + ndif$
ktinn = ktih + ktaend
ktJbn = ktdb + ktmseni
/% cory the convelution arraus x/
velrikenveisnca2)
if(icond == 0) doto labll}
cveonJd(ketr2rkenve2rnsadd
soto labl2t 4
1abl1! cvmovikefr2rkenvr2rncald
labl2?
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/% Transfer the product arrauy to be o 2-D zrray before
2-D convalution. %/
velr(ktfrloinca2)i

lab5:

/%

/%

i

= 0}

i2 = i + it

iib = 12 *» ib}

ktri = ktihn + iib}
ktmi = ktihn - iib#

Ckifi o= ktf + 124

kttni = ktf + n2¢
ktfni = ktfni - i23
ktreei = ktdbn + iibié
kitrmi = kt.ibn - iib}
ktfri = ktfn + 124

ktfrni = ktfn + n2j

ktfrni = ktfrni + 1294
i=1i4+1%
cvaoviktmir2sktfirn2rinaxl)i
cvmoviktrmi»2rktfrisn2rimax)i
if (i == 1) goto 1labd}
cevmoviktrir2rktfnirn2rimaxldé
cvmoviktreir2rktfrnirn2rimax)i
it ¢i <= Jmax) goto 13bSi

"Perfora the convolution ucing FFT %/

efftt2d(kenvinrnrldié
offt2d(ktfrnrnrl))i

cvmul(kenvi2rkttr2sktPr29nzadi
cvsnul(ktfokarnsu;ktfqunsu);
ctrit2d(kttsnone-124

read

- i

labs?

ktrai

off the one dimensional convolutibn arrau. ¥/

= 0F

i2 =i + ib

iib = i2 % ibj

ktei = ktihn + iibs

htui = ktihn - iibi

ktti = kte + i26

kttni = ktf + n2j

ktfni ktrtni - i2é

ktrri ktdibn + iibé

ktdibn - iibé

khtfri kttn + 12§

ktftrni = ktfn + n2¢

ktftrnl = ktfrni - 124

i=i+ 1
cvaoviktPin2:ktmir2rimaxidd
evaoviktfrirn2:ktrmir2simax)?
if (4 == 1) doto lobéd
cvaovikttnirn2)ktris2rinaxidt

R

‘evmovikttrairn2rktrrir2rimax)t

i? (i < imax) doto labéi

na =ns + 1%
it (na < nand) dgoto lab4f}

returng

-
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edeinc(imaxsJmaxrnangrnritrun)

/% This iu an arc subroutine to generate the Gaussian
test obdect and the incident ficld usind the array

Procassor. %/

int imaxrJmax:nondsnritrunt

{

/% declaration ¢/ .
int ivn;ibonpiJnaxviJn2vnan2vib11Jblrnsn2i
int i2:n2skeclrkeniskrixskpinisketi :
int knin»k-JnvkoneykxiykuJ:kcst-kfvtukeﬁ:kcﬂli
int kpsn:kcorrkcoirkutphykdela:khalf;kini
int kincskincirkincmrkincimrkednd
int kargrkardglrkardaskardgliai

/% assidsn the AF memory X/
ibt = 2 % imoxi}
Jbl = 2 ¥ Umax}
" ib = ibl + 11
Jb = bl + 1%
‘iJmax = ib ¥ Jbi¥

iJm2 = 2 * ijmaxi
rnan2 = nang ¥ iJm2i
n2 = 2 ¥ ni

nsg2 = n2 ¥ ni
kmim = 0%

kmdm = 1%

kpsm = 27

keor = 3t

kcoi = 4% °

kone = §§%
kdelas = 63

kotoh = 74

kie = 83

khalf = 12}

kesn = 483}

kepix = 1007

kxi = kmix + iJm2}
ked = kxi + idmaxi
ked = kwd + idmaxt
kedl = ked + 1i

. kine = ked + iJm2j
kincl = kine + 17
karg = kinc + nom2j
kardl = karg + 17
ket = karg + nemli
ket = ke? + nan2é

/% compute the coordinates of the roints in the one-dimensional
array X/

_vramp(knin»konEvkxiviyib)3
vramptkndn,konevkquivab)5 S
i = 0f
kest = kxift

ine kvt kest + ibt
vPill(kestrkPvtribrJbl)d)
kest = kest + 14
i =4 + 11

~
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it (i € ibl) goto ixi
i = 01
kest = kudé
Ju kfvt = kest + 14

vPill(kestrktvtslribl)d
kest = kest + ibt

i= 14+ 14

it (i < Jb) soto Juw!

/% dencorate the ture dama ed! %X/

voma(kxirslskxirslokudriskudrlskedsr2sidmax)
vanul(kegr2rkromrkodr2;idnax) -
vexr(kesdr2:ketr2riJmax)}
veovikedr2rkodlr2sidnax)

vemul (kesr2rkcorrskegr2siJman)d
vermul{kedlr2rkcoirkodir2ridmax)i
cvmass(kesdr»r2rkincry2ridmax)}
sve(kincr2rkednridman)

/% senerate the incident field %/
vramr(konorkonecrskardr2/nangd) i
vemul(kargr2rkdelarkargr»2snanc)i
voin{kards2rkardl,2rnand)
vcos(kars,»2rkarsr»2rnand)§

m = 0 *
kardgm = kars$
kincem = kinci

labi: karglim = kargm + 14
kincie = kincm + 14
vemul (kxirlskargmykinems2ridmax)
vsmul (ksdrlrskargimrkincims2,iduax) i
vadd(kincems2rkincimr2rkincime2rigmax) i
vomul(kincimr2rkmtrhrokincinr2eidmaxn)i
veos({kincimy2skincmr2sidmax)#
vain(kinclms2rkincime2sidmax)
m=mt+ 13

. if (m > nans) dgoto lab2j
kardm = kargm + 2§
vinem = kinem + iJm2j
soto lablyé

lab2:
if(itrun == 0) sgoto labdi

/% comprute the truncation arrauw X/
vomoxmg (kxirlokudrlishkxislridmax)di
viimCkxislrkimskhalfekudrlsidnax)i
vsadd(ksdrirkhelfrkxirlridman)i
soto labét

lab3s vPill(koneskxislsidmax)$

/%X Form the Green’s coef. counvolutlion arrau %/

1sbé? velr(kefrlsnsa2)d
io= 0%
lab4! i2 = i + i
kei = ket + 12§
keni = kef + n2i
keni = keni - 124
kepixi = 12 ¥ ib} -
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kpixi = kpixi + keixj
i =i ¢+ 1%

cvmov(krixir2:keirn2yib)i
if (i == 1) dgoto 1lab4i
cvmovikeisn2skenirn2,ib)é
i? (i < Jb) dgoto labai

i = 04
13b5: kei = i X n27
kei = kei + ket
keni = n - i}
keni = keni X n2j
keni = keni + kefs
i=1i+13-
cvmovikeis2rkenis2endi
it (i < ib) doto 1labli

returni

fuclar(inapruax;ncnlpn:ittrrkcnt)

/% This is an arc subroutine to solve the forward rroblom using
c-¢ iterationec on AP, %/

int imaxsJdmaxrnandrnriterskeatd
int imaxlribrdbridmaxridn2rn2snearnsa2snand3d’
int nan:nau2:na;itaﬁ;konevJstePvkenkn:kertkrkbtn-kbtdi
int krnsarkrixrktrkefrktfoisi2skeiskeniskrixishr2kmd
int ihsktihsktdbrkttnriibsktrisktmirktrtisktfnisktotni
int ktrrioktrni,ktfrivktfrnivkﬁkiokrik:nclr:kerini
int kincrktotskenvikodrktarsktmrnrkodgarktotni
int kPZkvklkvkrikvkr2kvthkvkﬂfunﬁifrktihnvktJbﬂtkcﬂki
int krzkn;dekn;khrkn:kalpharkbotarkreleviconJi
int kxivktnpniskrelekvkhrlk:khr2kvkhr1nvkhr1u1vkskui
int kr2klirkbtal ktmrlrkefnskofnll '

/% Assign the AP memorw X/
imoxl = imax + 19§
ib = 2 X -imax}
.ib = ib + 1%

Jb = 2 X Jmaxi

Jb = Jb + 13§
idmax = ib ¥ Jbj
-ide? 2 X idmaxs
nam = nang ¥ iJmaxi
nam? = 2 ¥ noami
n2 = 2 ¥ ni

nsa = n X ni

nsa2 = 2 ¥ nsajl
kone = 5§ °

krnsa = 114

kbtn = 42§

kbtd = 443

kertk = 445

kerin =474%

kr2kn = $§03%

khekn = 52§
kalrha = 53§
kbeta = S54)



4,662,222

67 68
kreleok = 85¢
. ktotn = 85635
- khegkn = $77%
ke2kn = 583%
krelo = 59%

keix = 1003

ki = kedx + 1iJm25
keg = kxi + idmexi
ked = keg + idmaxi
kinc = ked + iJm2¢
ktot = kinc + naml?
ket .= ktot + nem2$
ket = ket +-‘nam2}b
keny = kef + noca2d
kesas = kenv + neca2d
ktmp = kega + iJm2)
kt? = ktar + nom2ié
kgk = ktf + nsa2}
krik = kek + nom2é
kr2k = krlk + 1Jm2%
kesk = ke2k + nom2}
khrilk = kodgk +. 1iJm2%
khe2k = khelk + nan2j
nelr = khr2k - kedmd
ncle = nelr + nan2id
ktarl = ktar + 14
kbtnl = kbtn + 1%

if(iteer == -1) doto 1ab20f4
if(iter == 0) .goto lablo}

/% comprute the r2k = H £ - £(in)} %/
convol (imax)Jmaxsnangsnrkesgtrktotskefshenvektmrokt?r0r 1014
evsub(ktot:2 ktars2:%ktar:2snam) #
cvsub(ktars2rkincs2/kagks2snon)d

/% compute 42k = HXx r2k X/
cvconJ(kelthvkeﬂnvzviJ-:r)t
cvaovikak 2 ktars2ynom) i
convol(inax»Jmayvn.nﬂvnykeanrkskvk f:kcnv»ktnr:ktf;1r-1):
na = 0f

~ ndif = 0j ’

lab7: ktarn = ktme + ndifi _
cvmul(keﬂnvaktnrn:2vktmrnr2:1JuaA)p
na = na + 14
ndif = ndif + iJm2%
it{na < nong) zoto 1lab7i
cveags(kgky2r ktmprs2rnom) i
cvmagds(kdkr2sktars2ynam) $
if( iter == 2) soto lcb8;

/% comrute <H g(k)ry H r(k-1)> %/
convol(imaxsJmaxrnongsnrkedtskakrketskenvsktarsktfs0s1)5
evsub(kaky2rkturr2:ktmrr2snam) i
cveond(ktmrr 2 kimrr2rnan) i
cdotrr(ktmrr2:khr2kr27kbtnrnam) i

/% comrute <H P(k-1)s B r(k-1)> %/

. convol(1mayvJm~"pnansvn:keﬂt:kr2kskcf:kcnv:htmr:ktf r021)%
cvsub(kp2k 2 ktmrs27ktmrs2ynam) §
cveond(ktmrrs2rktmprs2rnam)i
cdotrr(ktmrs2:khr2kr 2 kbtdrnam)i
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/% compute hets %/
CvrCIP(kbtdl2vkbtd12v1)v
cvaul (kbtnr2:kbtdr2skbtns2s1) i

/% urdate £2k %/
cvemul (kr2ke 2o kbtnsktmre2snam) i
cveond(kr2ks29kr2kr2rnon) §
krp2ki= kp2k + 14
vena(kr2kr2skbtnirktari»2rktmrir2snon)é
vama(kpr2klis2:kbtnlsktarr2 ktars2snon)é
cvmovi{ktmmrry2skp2ks2ynom)}
cevaub(kr2ks2rkak22:kr2kr2rnan)}

soto lab94

1ab8! cvned(kaks2)kpr2ks2snam)$

lab9!

/% comrute clrha X/
convol{imaxrJimaxrnongrnskegtskr2kskefrkenvektapshtfs0s1) 4
evsub(kr2k:2)ktarr2khr2kes2rnam) }
cvanass(khr2ks2rktmrr2snam) §
sve(ktmrs2Z:khrknrnam)
vdiv(khr&n:lyklen:lvkclrhavlvl)i

/% comrute new internal ficld and itz norm X/
vemul(kr2kslrkolrhaorkterrisnom2)$
vadd(ktmrrlrktotrisktots1snan2)i

if(iter == 2) doto 1lcb70¢

/% compute relative error for forward sustom t/
cveads(khr2k,»2sktars2snom)$
svelkimpr2kertkrnam)
vdiv(ktotnsliskertksirkortksl;zids

lab70: -

/* compute the norm of the new. field %X/
cvinagds(ktotr2:ktars2ynam)}
svelktmerr2sktotnrnom)
returnt

13b20¢ /% check to see if the comruted internal ficld is corrcel %/
convol(imaxsrJuaxrnangrnr ko styktot:kcf:kcnv:ktnp;ktf1011)v
cvsub(ktoty2:ktmprr2roktmprs2rnom) s
cvsub(ktarr2:kincs2:ktarr2snam)§
cvmadgs(ktmpr2rkimrr2rnam)
svelktmrs2:kerinsnom)é
returnj

1abi10! /% compute sccttered field ef =~ A ea %X/
. convol(1n3x;Jnaxanans:n:kestaktotvkcf;kchyktnrrktfvO:i)6
na = 0%
ndif = 0}
1abi3! - ktmpn = kimrp ¢ ndxfi
kefn = ket + ndifi
ktarnl = ktmen + 1%
kefnl = kefn + 14§
vmaliktmprrns2ohkxislrskefni2ridmax)i
CvmulCktmrni s 2rkxirlskefnls2sidnax)i
na = na + 1
ndif = ndif? + iJm2j
it(na < nangd) gsoto laobl3j

returni -
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/% mmemmmeeme—ana IR x/

ivesas(inaxrJJnaxrnangrnriterrsiturerier)

/% This is an arc subroutine to solve the inverse sroblem
usind c~« method on AP. %/ : :
/¥ mecmmcrcmrn e —————— e — e e —— e e - s - ——————— ¥4

int imax:Jdmaxrnandrnriterritureriers
{
int imaxiribsdbridmaxridn2rn2rnsesnsa2rnand3i
int nam:nam2rnasitadskonerkegknskertkskbtnokbtds
int krnsarkprixsktrhefrktPrisi2skeiskeniskhrixishr2hmi
int ihrktihsktdbrktPnsiibsktrisrktmirktrirktfnirktotas
int ktreisktraisktPrisktrrniskakiskriknskriksnclrd
“int kinciktotskenvikedrktmrrktmrnrskodmrkagnsktotni
int kr2kskekrkrikskr2kskhrkskefsndifshkiihnskidbnskeaks
int kdlknskhrknrkalrhaskbetarkrelesicondd
int kxirktmrniskrelekskhrikskhrinskhrinlshaknd
int krilkirkr2klrkbtnisktmrls
/% set constants ond sssidn AF mewmories ¥/
imoxl = imax + 1%
ib = 2 X imox}
ib = ib + 1%
Jbh = 2 X Jmax?t
Jb = Jb + 1%
igmax = ib ¥ Jbs
iJm2 = 2 % idmax?
nam = nang ¥ iJmaxi
nam2 = 2 X nomi
n2 = 2 ¥ nt
nse = n X nf
nsa2 = 2 ¥ nsaf
konas = 5§ °
krnsa = 1194
kbtn = 42%
kbtd = 445
kertk = Ab#
kedn = 489%
krikn = A9}
kgikn = 51
khekn = 52%
kalrha = 533
kbeta = 544
krelek = 553

- ktotn = S5é6}%
kedkn = 573%
krele = 5914

krix = 1004
kil = kpix + iJm2j
- kedg = kxi + idmaxi
ked = keg + idmaxf
kine = kes + iJm2j
ktot = kinc + naalj
kef .= ktot + nam2i
E ket = ket + nom2$
kenv = ket + noa2f
kesn = kenv + nsa2d
ktmr = kedm + iJn2}
ktf = kitmr + nam2i
kgk = ktf ¢+ n3al}
krilk = ksk + noa2d -

e
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kp2k = kepik + iJm2} '
kegk = krp2k + nan2}
khrik = kedk + iJm2}
nele = khrik - kesmd
nelr = nelr + non2d

i? (iter > 1) goto labd}
if(iture = 1) goto 1abld}

/% initialization %/
/*_set initial internal field x/

cvamovikincr2rktots2rnom) i

/% claear the momory X/

/% set

lab3:

labé3;

1ab20¢

lab213

velr(krikne1210) 4
velr(kedmrlsnelrd i

initial reciducl rik = - ef %/

cvand(kofr2:kgkr2snan) b

dgoto lab20i -

/% compute new residual rik = A edk = ef ¥/
convol(insx:;nax:nanﬁ;n:kcuk:ktot;kcf;kcnv:ktur:ktf:Ov1)f
na = 0% .
ndif = 0}

ktaen = kthe + ndifé

ktearnl = ktmern + 14
vaul(kitmpns2skxirlektmpns2:sidmax)i
vaul(ktmrnly2skxirlsktmrnis2ridmax) i

na =na + 1

ndi?f = ndift + iJdm29%

if(na < nang) soto lcbé3}
veub(ktmre2rketr12rkaks2rnam)dé
cvmasgs(kdkr2sktamrr2rnam)
sve(ktmprs2rkriknsnam)d

/% compute #1k = A%X rik %/

: convol(imax:Jmaxvnansvn;kcﬂkvktmrukcfrkcnv;kskyktf:1:0)3

cveond(ktot:2:ktmrr2snam) §
cvmul(kgks2:ktmpr2rktmrs2rnam)

i = 0f
ktmen = ktmp + i¥

kegki = kak + iF

svel(ktmpnridm2rkgkirnang)i

i =i+ 1§ )

if(i < iJm2) soto lab2ij o
cvasgsikgkes2rktarr2riJaax)}
sve(ktar:2:kgiknriJaax) )

if(iture == 1) goto 1ob23$

/% comprute <ACk+1)S g(k)s A(K) »(k=1)> %/

convol(imexsJncxsnangrnrkekrktotskefskenviktarsktfs0s134
cveondi{ktar:2:ktarr2snom)
cdotrr(kt-ro2oghr1k12pkbtnonan)!

/% comrute <A(k+1)) plk-1)r ACK) p(k=1)> %/ .

convol(i-axpJnaxvnansvnvkriksktot:kcfrkcnv:ktmr:ktf1011)i
cveonJ(kt-n:2vkt-nv2ona-)'
cdoterr(ktmrs2skhriks2rkbtdrnam) ) \
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/% comrute bota %/

evrcim(kbtds2/kbtds251) 4
cveul (kbtns2:kbtdr2/kbtns2+1) %
cveond(kbtny2,kbtns2,1)4

/% uprdate rlk X/

1ab23¢
lab24:

cvsaul(krlks2skbtnrktmrr2sidmox)}
eveond(krik,2:krikr27idmax) .-
keliki= krilk + 1 :
vema(krikr»2ykbtrnlrktmrls2sktmrls2)idnox)i
vema(krlkl»2:;kbtnlisktmrr2rktmrs2sidmax)i
cvmoviktimprrs2rkriksr»2ridmax)
CVaub(kP1k72lkdk12:kP1k72!ldnar)f

soto lab24i

cvnad(kak,2:krlkr2yidmax) s

/% comrute slrha %/

lab26?

convol(1-3%7JmuxonanspnvkPIkvktot:kcfrkcnv:khrikxktfyO;1);

na = 0 .

ndif = 0}

khris = khrik + qdif?

kheiml =~ khreim ¢+ 1%
vaul{khrim:2)kxislrkherims27idmax)$
vaul(kherimis2:kxiriskhrimls2riimax)$
na = na +.1}%

ndif = ndif + iJgm2¢ :

i? (na < nang) doto lab2éi

cvnals(thikakaar;2rnan)3

.svalktmpi2:khrknonam) §
- vdiv(khrknsisksglknslskalrhaslsl)i

/% comrute new Zama %X/

vemul(krikslrskclrharkahkslyiom2)s
vadd(kakrirhedkrsirkedksliim2) 5§

if(ier != 1) soto 1ab30$

/% compute tho relative error %/

.

lab30?

cvmads (kaky2rktmrs2ridmax) s
svelktary2:kreleokrsidman) i
vdiv(kedgknsiskroleksiskrelokrlsidt
cvsub(keskr2skesr27ktars2;sidnox)}
cvaads{ktars2:ktmr;27idmax)
svelktarry2rkreleridmax)s
vdivi(kedgnsirkrelerirkrelorlirlds

/% comrute the norm of thc domd X/

cvmads (kagkr2sktarr2:iJdnax) )
svel(ktarr2rkegknrinox) s

returnid
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What is claimed and desired to be secured by U.S.
Letters Patent is as follows:

1. A method of producing an image of an object from
acoustic energy that has been transmitted through and
scattered by the object, said image comprising a high
and acoustic absorption at all points within the object,
and said method comprising the steps of:

electronically transmitting an electric signal at multi-

ple frequencies and transducing said electric signal
at each said frequency into acoustic energy propa-
gated toward said object from a plurality of trans-
ducer transmitter positions;

electronically processing said electrical signal to de-

termine from said transmitter positions an incident
field corresponding to said propagated acoustic
energy, said incident field being stored in the mem-
ory of a central processing unit (CPU) in the form
of digitized electric signals;

detecting at a plurality of transducer receiver posi-

tions said acoustic energy transmitted through and
scattered by said object;
electronically processing said detected acoustic en-
ergy so as to transform said detected energy into a
plurality of digitized electric signals stored in said
memory of said CFU and corresponding to a scat-
tered field detected at said transducer receiver
positions; '

said CPU preparing an initial estimate of the scatter-
ing potential for said object and an initial estimate
of the internal field of said object at each pixel of a
display screen on which said acoustic image is to be
displayed and storing each said estimate in said
memory;
said CPU determining at each said frequency and
storing in said memory a scattered field derived at
said frequency from said initial estimates of the
scattering potential and internal field, and thereaf-
ter comparing at said frequency said scattered field
detected at said receiver positions to said scattered
field determined by said CPU;
said CPU determining at each said frequency and
storing in said memory a new estimate of said inter-
nal field at each said pixel derived from said inci-
dent field, the last estimate of the internal field at
each said pixel, and the last estimate of said scatter-
ing potential at each said pixel, said new estimate of
the internal field at said frequency comprising all
orders of scattering;
said CPU determining and storing in said memory a
new estimate of said scattering potential derived
from said new estimate of said internal field and
said scattered field detected at said receiver posi-
tions;
said CPU continuing to update the estimate for said
internal field and scattering potential until said
scattered field determined by said CPU approxi-
mates said scattered field detected at said receiver
positions within a selected range of tolerance; and

said CPU thereafter using the determined scattering
potential to reconstruct and store said image in said
CPU memory.

2. A method as defined in claim 1 wherein said step of
electronically transmitting said electric signal at multi-
ple frequencies comprises the steps of:

positioning a transducer array adjacent said object,

said array comprising a plurality of acoustic trans-
mitters and acoustic receivers;
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sending said electric signal at a first frequency to each
said transmitter so that each said transmitter will in
turn propagate acoustic energy at said first fre-
quency; and
5  thereafter changing the frequency of said signal and
sending said electrical signal at said changed fre-
quency to each said transmitter so as to sequen-
tially propagate acoustic energy from said said
transmitter at said changed frequency.
3. A method as defined in claim 1 wherein said step of
electronically transmitting an electric signal at multiple
frequencies comprises the steps of:
positioning a transducer array adjacent to said object,
said array comprising a plurality of acoustic trans-
mitters and a plurality of acoustic receivers;

generating said electric signal in the form of a wave-
form which is characterized by a plurality of differ-
ent frequencies; and

sending said generated waveform in turn to each said
20 transmitter so as to propagate acoustic energy at

said multiple frequencies from each said transmit-
ter.

4. A method as defined in claims 2 or 3 wherein said
transducer array is configured to encircle said object.

5. A method as defined in claim 1 wherein said step of
detecting at a plurality of transducer-receiver positions
said acoustic energy transmitted through and scattered
by said object comprises the steps of:

positioning a transducer array adjacent said object,

said array comprising a plurality of transmitters
and a plurality of receivers; and

after acoustic energy is transmitted from one of said

transmitters, sequencing each said receiver so as to
detect 'said scattered acoustic energy at each said
receiver in turn.

6. A method as defined in claim § wherein said step of
electronically processing said detected acoustic energy
comprises the steps of:

transducing the acoustic energy detected by each said

receiver transducer into a corresponding electric
signal; amplifying said corresponding electric sig-
nal; and

thereafter processing each said amplified signal so as

to generate two signals which correspond to math-
ematical real and imaginary representations of each
. said amplified signal.

7. A method as defined in claim 6 wherein the step of
processing said amplified signal from each said receiver
transducer so as to generate said signals corresponding
to said mathematical real and imaginary representations
of said amplified signal comprises the steps of:

inputting the amplified signal detected at said re-

ceiver transducer to first and second multiplier
circuits and multiplying the amplified signal input
to said first multiplier circuit by the electric signal
sent to said transmiitter transducers;

shifting the phase of said electric signal sent to said

transmitter transducers by 90° and thereafter multi-
plying the amplified signal input to said second
multiplier circuit by said signal that is shifted by
90°; and

filtering the output of each said multiplier circuit with

a low-pass filter circuit and thereafter integrating
and digitizing the output of each said low-pass
filter circuit.

8. A method as defined in claim 6 wherein said step of
processing said amplified signals from each said re-
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ceiver transducer so as to generate said signals corre-
sponding to said mathematical real and imaginary repre-
sentations of each said amplified signal comprises the
steps of:

inputting each said amplified signal to a high speed 5

analog-to-digital converter so as to digitize each
said amplified signal; and

inputting each said digitized signal from said high

speed analog-to-digital converter into a parallel
processor programmed to take the complex fast 10
Fourier transform of each said digitized signal.

9. A method as defined in claim 5 wherein said trans-
ducer array is configured to encircle said object.

10. A method as defined in claim 1 wherein said initial
estimate of said scattering potential is zero. 15

11. A method as defined in claim 1 wherein said initial
estimate of said scattering potential is an average value
determined by an estimated average of density, acoustic
speed and acoustic absorption of said object.

12. A method as defined in claim 1 wherein said inci- 20
dent field is used as said initial estimate of the internal
field of said object at each said pixel.

13. A method as defined in claim 1 wherein said esti-
mate of the internal field of each said object at each said

_ pixel is determined by said CPU from said initial esti- 25
mate of said scattering potential.

14. A method as defined in claim 1 wherein said step
of determining said new estimate of said scattering po-
tential comprises the steps of:

backprojecting said scattered field detected at said 30

transducer-receiver positions to obtain a blurred
image of said scattering potential of said object;
and

deblurring said blurred image of said scattering po- -

tential to obtain said new estimate of the scattering 35
potential. .

15. A method as defined in claim 14 wherein said
incident field, said scattered field detected at said trans-
ducer-receiver positions, each said initial and new esti-
mate of said internal field and each said initial and new 40
estimate of said scattering potential are obtained sepa-
rately by said CPU at each said frequency.

16. A method as defined in claim 15 wherein said
scattering potential is formulated using a plurality of
frequency-independent components represented as a 45
vector I' muitiplied by a frequency-dependent matrix
M, and wherein a least-squares method is applied by
said CPU to the product MT so as to derive therefrom
a scattering potential comprised of frequency-depend-
_ent terms whose sum represents a best fit to said de- 50
blurred image of said scattering potential.

17. A method as defined in claim 16 wherein said
least-squares method is applied by said CPU using a
conjugate gradient method. 5

18. A method as defined in claim 1 wherein said inci-
dent field, said scattered field detected at said transduc-
er-receiver positions, and each said initial and new esti-
mate of said internal field are obtained separately by
said CPU at each said frequency. 60

19. A method as defined in claim 18 wherein said new
estimate of said internal field and said new estimate of
said scattering potential are obtained by said CPU ac-
cording to a conjugate gradient method.

20. A method as defined in claim 19 wherein said 65
scattering potential obtained by said CPU comprises a
plurality of frequency-independent components repre-
sented as a vector I,
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21. A method as defined in claim 19 wherein said
conjugate gradient method is used by said CPU to de-
termine said new estimates of said internal field and said
scattering potential by computing a descent direction
wherein each variable from a set of variables taken from
a first vector equation defining said internal field and a
second vector equation defining said scattered field
detected at said receiver positions is allowed to vary
simultaneously.

22. A method of reconstructing an acoustic image of
an object using a central processing unit (CPU) pro-
grammed to process data derived from acoustic energy
that has been transmitted at multiple frequencies and
scattered by said object, said method comprising the
steps of:

propagating multiple frequency acoustic energy

waves toward said object from a plurality of trans-
mitters positions;
-electronically storing a plurality of digitized elec-
tronic signals derived by said CPU from said prop-
agated acousti energy and said transmitter posi-
tions, said digit. *d electronic signals representing
an incident field obtained at each said frequency
detecting at a plurality of receivers multiple fre-
quency acoustic energy waves scattered by said
object;
electronically storing a plurality of digitized elec-
tronic signals representing all orders of a scattered
field obtained at each said frequency and derived
by said CPU from the scattered acoustic energy
waves detected at said receivers;
said CPU determining (a) an estimate of an internal
field at each said frequency and at each scattering
point within said object, and (b) an estimate of a
scattering potential characterized by density,
acoustic speed and acoustic absorption at each said
frequency and at each scattering point within said
object, and said CPU electronically storing a plu-
rality of digitized electronic signals representing
said estimates of said internal field and said scatter-
ing potential;
said CPU determining from said estimated internal
field and scattering potential a predicted scattered
field at all orders of scattering and at each said
frequency, and said CPU comparing said predicted
scattered field to said scattered field derived from
the scattered acoustic energy waves detected at
said receivers;
said CPU updating said estimates of said internal field
and said scattering potential until said comparison
results in a predicted scattered field which approxi-
mates said scattered field derived from the scat-
tered acoustic energy waves detected at said re-
ceivers within a selected range of tolerance; and

said CPU thereafter reconstructing from said esti-
mated scattering potential an acoustic image of said
object, and outputting a visually perceptible dis-
play of said image.

23. A method as defined in claim 22 wherein said step
of said CPU updating said estimate of said internal field
comprises the step of said CPU deriving said updated
estimate of said internal field from said incident field
and from said estimate of said scattering potential.

24. A method as defined in claim 23 wherein said step
of said CPU updating said estimate of said scattering
potential comprises the step of said CPU deriving said
updated estimate of said scattering potential from said
updated estimate of said internal field and from said

~
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scattered field derived from the scattered acoustic en-
ergy waves detected at said receivers.

25. A method as defined in claim 24 wherein said step
of said CPU updating said estimate of said scattering
potential further comprises the steps of:

backprojecting said scattered field derived from the

scattered acoustic energy waves detected at said
receivers to obtain a blurred image of said updated
scattering potential; and

deblurring said blurred image.

26. A method as defined in claim 25 further compris-
ing the steps of:

said CPU formulating a frequency-independent vec-

" tor T' comprised of a plurality of frequency-

independent components;

said CPU setting said updated estimate of said scatter-

ing potential equal to the product of said vector
and a frequency-dependent matrix M; and

said CPU applying a least-squares method to said

product MT" so as to derive therefrom a product
comprising a plurality of frequency-dependent
terms whose sum represents a best fit to said de-
blurred image.

27. A method as defined in claim 23 wherein said
updated estimate of said internal field is obtained by said
CPU according to a conjugate gradient method.

28. A method as defined in claim 27 further compris-
ing the steps of:

said CPU formulating a frequency-independent vec-
tor I" comprised of a plurality of frequency-
independent components;

said CPU applying a conjugate gradient method to
obtain an updated estimate of said vector from said
updated internal field and from said scattered field
derived from the scattered acoustic energy waves
detected at said receivers; and .

said CPU determining said updated estimate of said
scattering potential from the product of said up-

dated vector and a frequency-dependent matrix M. 0

29. A method as defined in claim 28 wherein said
conjugate gradient method is used by said CPU to de-
termine said updated estimates of said internal field and
said vector by computing a descent direction wherein
each variable from a set of variables defined by (a) a first
set of equations defining said internal field and (b) 2
second set of equations defining said scattered field
detected at said receivers is allowed to simultaneously
vary.

30. A method as defined in claim 22 wherein said step
of propagating said multiple frequency acoustic energy
waves comprises the step of electronically transmitting
an electric signal at multiple frequencies and transduc-
ing said electric signal at each set frequency into said
acoustic energy waves.

31. A method as defined in claim 30 wherein said step
of electronically transmitting said electric signal at mul-
tiple frequencies comprises the steps of:

positioning a transducer array adjacent said object,

said array comprising a plurality of acoustic trans-
mitters;

sending said electric signal at a first frequency to each

said transmitter so that each said transmitter will in
turn propagate acoustic energy at said first fre-
quency; and

thereafter changing the frequency of said signal and

sending said electrical signal at said changed fre-
quency to each said transmitter so as to sequen-

'35
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tially propagate acoustic energy from each said
transmitter at said changed frequency.
32. A method as defined in claim 30 wherein said step
of electronically transmitting an electric signal at multi-
5 ple frequencies comprises the steps of:
positioning a transducer array adjacent to said object,
said array comprising a plurality of acoustic trans-
mitters;
generating said electric signal in the form of a wave-
form which is characterized by a plurality of differ-
ent frequencies; and

sending said generated waveform in turn to each said

transmitter so as to propagate acoustic energy at
said multiple frequencies from each said transmit-
ter.

33. A method as defined in claims 30 or 31 wherein
said transducer array is configured to encircle said ob-
ject.

34. A method as defined in claim 22 wherein said step
20 of detecting at said plurality of receivers said multiple
frequency acoustic energy waves scattered by said ob-
ject comprises the steps of:

positioning a transducer array adjacent said object,

said array comprising a plurality of acoustic receiv-
ers;

sequencing each said receiver so as to detect said

scattered acoustic energy waves at each said re-
ceiver in turn; and

electronically processing said detected acoustic en-
ergy waves so as to transform said detected acous-
tic energy waves into a plurality of digitized elec-
tric signals.

35. A method as defined in claim 34 wherein said step
of electronically processing said detected acoustic en-,
ergy waves comprises the steps of:

transducing said acoustic energy waves detected by

each said receiver into a corresponding electrical
signal;

amplifying said corresponding electric signal; and

thereafter processing each said amplified signal so as

to generate two signals which correspond to math-
ematical real and imaginary representations of each
said amplified signal.

36. A method as defined in claim 35 wherein said step
of processing each said amplified signal so as to gener-
ate said signals corresponding to said mathematical real
and imaginary representations of said amplified signal
comprises the steps of:

inputting each said amplified signal to first and sec-

ond multiplier circuits and multiplying the ampli-

_ fied signal input to said first multiplier circuit by

the electric signal sent to said transmitter transduc-
ers;

shifting the phase of said electric signal sent to said

transmitter transducers by 90° and thereafter multi-
plying the amplified signal input to said second
multiplier circuit by said signal that is shifted by
90°; and

filtering the output of each said multiplier circuit with

a low-pass filter circuit and thereafter integrating
and digitizing the output of each said low-pass
filter circuit.

37. A method as defined in claim 35 wherein said step
65 of processing each said amplified signals so as to gener-
ate said signals corresponding to said mathematical real
and imaginary representations of each said amplified
signal comprises the steps of:
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inputting each said amplified signal to a high speed processor programmed to take the complex fast
analog-to-digital converter so as io digitize each Fourier transform of each said digitized signal.
said amplified signal; and 38. A method as defined in claim 34 wherein said
inputting each said digitized signal from said high transducer array is configured to encircle said object.
speed analog-to-digital convertar into a parallel 5 * % % % *
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